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1. Introduction
In 1970, John Thompson published Part II of hisN -Group Paper [T2], which in
conjunction with the Odd Order Paper of Feit and Thompson [FT] revolutionized
the study of finite groups. In particular, Part II begins with characterization
theorems for PSp(4,3) and G2(3). His methods were adapted by Klinger and
Mason to prove the following result.
Theorem 1.1 [KMa]. Let G be a finite group which is both of characteristic 2-
type and of characteristic p-type for some odd prime p. Then the p-rank of every
2-local subgroup of G is at most 2.
Here we say that G is of characteristic p-type if the p-rank mp(G) of G is
at least 2 and for every p-local subgroup H of G, F ∗(H) = Op(H). It is easy
to see that if G is of both characteristic 2-type and characteristic p-type, then
F ∗(G) is a non-abelian simple group. Thus this analysis falls within the study of
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non-abelian (almost) simple groups and the Klinger–Mason Theorem relegates it
to the domain of quasi-thin groups, of whose classification Aschbacher and Smith
are writing a second-generation proof [AS].
However, Gorenstein and Lyons recognized that there is a broader natural
context for these methods of Thompson, Klinger, and Mason, achieved by
weakening the characteristic 2-type hypothesis to the hypothesis of “even type”
and by an analogous weakening of the characteristic p-type hypothesis. Their
weaker hypotheses still exclude almost all alternating groups and groups of Lie
type, while including many of the sporadic simple groups, even examples in
which some 2-locals have p-ranks larger than 2. Indeed, they may represent
the closest we have come to a local definition of the larger sporadic simple
groups. In an unpublished manuscript, Gorenstein and Lyons [GL2] determine
the structure of the centralizer of an involution and element of order 3 in K-
proper finite simple groups of even type and “weak characteristic p-type” in
which some 2-local subgroup has p-rank at least 4. The structure is precisely
what is found in one of five of the largest sporadic simple groups: F1, F2, Co1,
Fi′24, and Fi23.
In this paper we begin to extend the analysis, in this spirit, to groups of 2-
local p-rank 3. The motivation for this, apart from its intrinsic interest, comes
from the GLS revision project [GLS]. As outlined there in Chapter 2, the major
dichotomy for the classification of groups of even type is essentially between
those of p-rank at most 3 or more than 3, the former originally planned to
be handled by amalgam-theoretic methods. However, as the Aschbacher–Smith
quasi-thin work [AS] nears completion it is reasonable to make use of it to
handle the “classical” quasi-thin case, opening the possibility, as suggested by
M. Aschbacher, of dealing with the rank 3 case by methods similar to those
used for larger rank. One of the major subcases would then be the case that the
group G is of LCp-type [GLS, p. 105], and this paper tests the effectiveness of
the methods of [GL2] in this broader context, making the major steps toward
local characterizations of the sporadic groups Suz and Th = F3 of Suzuki and
Thompson.
We now introduce the terminology necessary to state our results. First of all, we
shall not use (or state) the precise technical notions of even type and LCp-type,
which are somewhat elaborate. Instead, for this paper only, we shall introduce and
use the simpler notion of p˜-type, which is intermediate between those notions
and the classical concepts of characteristic p-type. We let Chev(p) denote the
set of all quasi-simple groups K such that K/Z(K) is a finite simple group
of Lie type of characteristic p, allowing K/Z(K) to be the derived group of
a group of Lie type, e.g. Sp4(2)′, G2(2)′, 2G2(3)′. We shall treat 3L2(9)= 3A6 as
a special element of Chev(3). This is consistent with the definition of C3 in [GLS].
(Certain proper 2-covers of groups in Chev(2) are similarly excluded from C2 in
[GLS], but they cause us no problem here and so we do not bother to exclude
them.)
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Definition 1.2. The group G is of p˜-type if the following conditions hold:
(1) mp(G) 3;
(2) Op′(H)= 1 for every p-local subgroup H of G; and
(3) if K is a component of the p-local subgroup H of G, then K is isomorphic
to a group in Chev(p), but K  3A6.
Of course, if G is a group of characteristic p-type with mp(G) 3, then G is
of p˜-type.
We recall Thompson’s definition [T1] of e(G) as the maximum rank of an
odd-order abelian subgroup A which is contained in some 2-local subgroup
of G. Also we use the notation G ≈ G∗, when F ∗(G∗) is a sporadic simple
group, to mean that G and G∗ have the same centralizer of involution pattern;
that is, there exists an isomorphism between a Sylow 2-subgroup of G and one
of G∗ preserving both the fusion of involutions and the isomorphism types of
centralizers of involutions. We settle here for this relation instead of isomorphism
since one of the Background Results underlying [GLS] is that for sporadic simple
G∗, G≈G∗ implies G∼=G∗. For the group Suz, this background result is proved
in [A]. For the group Th, a proof is announced by Thompson in [T3].
With this terminology we can state the main results of this paper. They concern
a finite simple groupG of 2˜- and p˜-type for some odd prime p which isK-proper,
i.e., in which all composition factors of all proper subgroups are known simple
groups. We impose a useful hypothesis to ease the analysis: that certain 2-local
subgroups N of our simple group G with mp(N) 3 are 2-constrained; namely
at least one such N , and also any such N which happens to be an involution
centralizer.
Theorem A. Let G be a finite K-proper simple group of 2˜-type and p˜-type for
some odd prime p. Suppose that e(G)= 3 = mp(H) for some maximal 2-local
subgroup H of G with F ∗(H) = O2(H). Suppose finally that F ∗(CG(z)) =
O2(CG(z)) for every involution z of G such that mp(CG(z)) = 3. Then the
following conclusions hold:
(1) p = 3.
(2) There exists a 2-central involution z of G with F ∗(CG(z))= Fz ∼=Q38 or Q48
and with m3(CG(z))= 3.
(3) If B  CG(z) with B ∼= E27 and if b ∈ B with CFz(b)∼=Q28, then E(CG(b))
is isomorphic to a member of the set {PSp4(3),G2(3),32U4(3)}. Moreover,
such an element b exists.
(4) If H is a maximal 2-local subgroup of G with m3(H) = 3 and F ∗(H) =
O2(H), then H = CG(t) for some t ∈ zG.
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Here 32U4(3) is Atlas notation for the 3-fold cover of U4(3) which occurs as
the centralizer of a 3-element in Suz, and Qn8 is the extra-special group which is
the central product Q8 ◦ · · · ◦Q8 of n copies of Q8.
The case E(CG(b)) ∼= PSp4(3) occurs in the groups U5(2), U6(2), D4(2),
and Co2. Setting this case aside, we get a local characterization of the sporadic
groups Suz and Th = F3.
Theorem B. Let G satisfy the hypotheses of Theorem A. Suppose further that for
any b as in conclusion (3) of Theorem A, we haveE(CG(b))∼= 32U4(3) or G2(3).
Then one of the following conclusions holds:
(1) G≈ Suz with E(CG(b))∼= 32U4(3) for any such b.
(2) G≈ Th with E(CG(b))∼=G2(3) for any such b.
In case (2) of Theorem B, we have Fz ∼= Q48 and CG(z)/Fz ∼= A9, while in
case (1) we have Fz ∼=Q38 and CG(z)/Fz ∼= −6 (2) (see [A,ATLAS] or [GLS3,
Table 5.3] for properties of Suz and Th).
In subsequent work we plan to relax the 2˜- and p˜-type hypotheses to conform
to the definitions of even type and LCp-type from [GLS], and to discard the
special assumptions in the two theorems about 2-constraint of 2-locals and the
nonexistence of PSp4(3) components in Theorem B. Part of this plan has already
been carried out by the first author [K], assuming among other things that certain
3-local subgroups are 3-constrained. We shall be aiming for characterizations of
the sporadic groups Co2, Co3 and HN = F5.
Throughout the paper all groups are assumed to be finite. We assume that
the reader is thoroughly familiar with the subgroup structure of a number of
simple groups, viz., those in Lemma 2.2 below and especially the orthogonal
group O+8 (2). Most of the needed properties can be found in the Atlas [ATLAS].
The K-proper hypothesis, together with the Thompson (A × B)-lemma, also
implies that Lp′ -balance holds in G for every prime p, and we shall freely use
the notions of pumpup—trivial, diagonal, or vertical—deriving from Lp′ -balance
[GLS2, pp. 30–31].
2. Preliminary lemmas
Fundamental to the entire analysis is the Thompson Dihedral Lemma [T1,
Lemma 5.34]. The following result is a straightforward generalization and we take
the liberty of giving it the same name even though it is not always about dihedral
groups. When p and q are distinct primes and Q ∼= Zq acts on the p-group P ,
we say that P is Q-minimal if and only if Q acts non-trivially on P , centralizing
every proper Q-invariant subgroup of P . This implies of course that P = [P,Q].
It is not difficult to show (see [GLS2, Lemma 11.12]) that P is Q-minimal if and
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only if P is special, [Q,Φ(P)] = 1 and Q acts non-trivially on P/Φ(P) ∼=Epn ,
where n is the multiplicative order of p modulo q . Moreover, when this occurs, it
is necessary that Φ(P) be trivial if n is odd, and that Φ(P) have rank at most n/2
if n is even. The bound is sharp, as is visible in U3(pn/2).
Theorem 2.1. Let p and q be distinct primes and let the elementary abelian
q-group Q act faithfully on the p-group P . Set R = PQ and let n be the rank
of Q. Then R contains subgroups R1, . . . ,Rn such that
(1) [Ri,Rj ] = 1 for all 1 i < j  n;
(2) Ri = PiQi with Pi  P and Qi Q;
(3) Q=Q1 × · · · ×Qn with |Qi | = q for all i = 1, . . . , n; and
(4) Pi is Qi -minimal for all i = 1, . . . , n.
Moreover, if either CP (Q)= 1 or q = 2, then the Pi are elementary abelian and
R1 . . .Rn =R1 × · · · ×Rn.
Proof. Assume that R is a minimal counterexample. Then P = [P,Q]. If P
is elementary abelian, then by Maschke’s Theorem, P = P1 × · · · × Pr with
each Pi being Q/Qi -minimal, where Qi = CQ(Pi). The Qi are hyperplanes of
Q with trivial intersection as CQ(P) = 1, so we may assume that n  r and
the numbering is such that Q1 ∩ · · · ∩Qn = 1. Then by minimality, r = n, the
Qi =⋂j =i Qj form a frame for Q, and the desired conclusions hold.
Suppose on the other hand that Φ(P) = 1 and set P = P/Z, where Z
is a minimal Q-invariant subgroup of Φ(P) ∩ Z(P). Since R is a minimal
counterexample, we may decomposeQ=Q1×· · ·×Qn and P = P 1 . . .P n such
that [P iQi,P j ] = 1 for all i = j , and each P i is Qi -minimal. For each i , we set
P i = 〈P j | j = i〉, so that Qi = CQ(P i). Let P i and P ∗i be the full preimages of
P i and P i in P , and put Pi = [P ∗i ,Qi ].
For any i , minimality implies that Q cannot act faithfully on P i and so
[Qi,Z] = 1. As i is arbitrary, [Q,Z] = 1. Then for i = j , [Pi,Pj ,Qj ] 
[Z,Q] = 1 and
[Pi,Qj ]
[
P ∗i ,Qj
]= [P ∗i ,Qj ,Qj
]
 [Z,Q] = 1,
so [Pj ,Pi ] = [Pj ,Qj ,Pi ] = 1 by the Three Subgroups Lemma. Now Pi is
Qi -minimal since [Pi,Qi] = Pi and Pi , like P i , has a unique nontrivial Qi -
composition factor. With Ri = PiQi , conclusions (1)–(4) are established.
As [Φ(Pi),Q] = 1 for all i , the Pi are elementary abelian if CP (Q) = 1.
Likewise if q = 2, then Pi/Φ(Pi) is cyclic and so |Pi | = p for all i . Thus in
either case R1 . . .Rn =R1 × · · · ×Rn and the proof is complete. ✷
Indeed, when q = 2, PiQi is dihedral of order 2p and we recover the original
Thompson Dihedral Lemma. When q = 3 and p = 2, it is easy to check that P
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is Q-minimal if and only if PQ∼= A4 or SL2(3). These are the only cases which
will be used in the remainder of this paper.
The following K-group observation will play a crucial role in our analysis;
since e(G)= 3 it applies to K = E(CG(x)) for any x ∈G of order p. Here the
2-local p-rank m2,p(X) of a group X is the largest p-rank among all 2-local
subgroups of X. The lemma follows readily from the information in [GLS3]
concerning centralizers of involutions in groups in Chev(p) (4.5.1), the structure
of their automorphism groups (2.5.12) and their p-ranks (3.3.1); the necessary
information about 3U4(3) and 3G2(3) can be found in [GLS3, p. 319] and in
[GL1, Section 6].
Lemma 2.2. Let p be an odd prime. Tables 1 and 2 list all groups K =E(K) all
of whose components lie in Chev(p) (excluding 3A6 as noted above) and such that
Op′(K)= 1, m2,r (K) 3 for all odd primes r , and m2,p(K)−mp(Z(K)) 2.
As an easy corollary, we obtain the following useful lemma.
Table 1
p  5
K with m2,p(K)= 0 K with m2,p(K)= 1 K with m2,p(K)= 2
L2(pn), n 1 L2(p)×L2(p) L2(p2)×L2(pn), n 2
L
±
3 (p) L2(p)×L2(p)×L2(p)
L±3 (p2)
L±3 (p)×L2(p)
G2(p), PSp4(p), L±4 (p)
Table 2
p = 3
K m2,3(K) m2(Aut(K)) m3(K)
2G2(3)′ ∼= L2(8) 0 3 1
L2(8)×L2(8) 1 6 2
L2(3n) with n 2 1 2 or 3 n
L±3 (3) 1 3 2
L2(8)×L2(9) 2 6 3
L2(8)×L±3 (3) 2 6 3
L2(8)×L2(8)×L2(8) 2 9 3
L±3 (9) 2 4 4
PSp4(3)∼= U4(2) 2 4 3
L±4 (3) 2 5 4
3U4(3) 3 5 5
G2(3) 2 3 4
3G2(3) 2 3 4
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Lemma 2.3. Let G be a finite group of p˜-type with e(G)  3. Let A  G be
a p-group with mp(A)=m 1, and set M = CG(A). Suppose that there exists
E0 M such that E0 ∼=E2n with n 1. Then the following conditions hold:
(1) F ∗(M)=Op(M)E(M).
(2) If E0 acts faithfully on Op(M), then n+m 4.
(3) If E0 acts faithfully on Op(M) and J is a product of components of E(M)
with [E0, J ] = 1 and mp(J )= k, then n+m+ k  4.
(4) If n+m 5, then E(M) = 1.
(5) If [E0,E(M)] = 1 and mp(E(M))= k, then n+m+ k  4.
Proof. Since G is a group of p˜-type, Op′(M) = 1, proving (1). Thus E0 acts
faithfully on Op(M)E(M) and if [E0,E(M)] = 1, then E0 acts faithfully on
Op(M). Thus (4) and (5) are immediate corollaries of (2) and (3), respectively,
and we may assume that E0 acts faithfully on Op(M).
By the Thompson Dihedral Lemma, there exists D = RE0  M with R 
Op(M), D ∼= (D2p)n, and R ∩A= 1. This implies the existence of an involution
t ∈E0 with AR1  CG(t) for some hyperplane R1 of R. Therefore m+ n− 1
mp(CG(t)) 3, proving (2). Likewise if J is as in (3), then t centralizes R1J and
R1 ∩ J = 1, whence n+ k  4. In particular, k  3 and so, by inspection of the
tables in Lemma 2.2, Z(E(M))= 1. Then AR1 ∩E(M)Op(M)∩E(M)= 1.
As CG(t)AR1E(M), (3) follows. ✷
A useful corollary of Lemmas 2.3 and 2.2 is the following observation.
Corollary 2.4. Let G be a finite group of 3˜-type with e(G)  3. Let a ∈ G of
order 3 and suppose that X  CG(a) with X ∈ Chev(2), and either X simple or
X/Z(X)∼= Sz(q) for some q . Then one of the following conclusions holds:
(1) X acts faithfully on O3(CG(a)), m3(O3(CG(a))) 3, and X is isomorphic
to one of the following groups: A5, A6, L3(2), U3(3), or U3(4).
(2) X  E(CG(a)) and X is isomorphic to one of the following groups: A5, A6,
L2(8), L3(2), U3(3), L3(4), or U4(2).
Proof. Suppose X acts non-trivially on Qa = O3(CG(a)) and let CX(Qa) =
Z. If E is an elementary abelian 2-subgroup of X disjoint from Z, then by
Lemma 2.3(2), m2(E)  3. In particular, if X/Z(X) ∼= Sz(q), then q = 8 and
Z =Z(X).
By the Critical Subgroup Lemma, there is a subgroup R of Qa of class at most
2 and exponent 3, with a ∈ R, on which X/Z acts faithfully. If m3(Qa)  2,
then R ∼= E9 or R is extra-special of order 27. In either case Aut(R) is solvable,
a contradiction. Hence m3(Qa) 3.
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Now since X ∈ Chev(2) with m2(X) 3, X is as listed in (1) or
X/Z(X)∼= L2(8), Sz(8), or U3(8).
Suppose that one of the latter holds. Then X contains a Frobenius subgroup
B = UH with kernel U ∼= E8 and complement H of order 7 acting faithfully
on Qa .
If R is elementary, then dim([R,U ]) 7 and it follows that dim(CR(u)) 4
for u ∈ U#, contrary to e(G)= 3. Thus R has class 2 and U centralizes Z(R). By
Thompson’s Dihedral Lemma,RU  Z(R)×AU with AU isomorphic to a direct
product of three dihedral groups. Again, e(G)= 3 implies that Z(R) = 〈a〉 and
R is extra-special. Then [R,U ]/Z(R) must be a sum of an even number of
non-trivial irreducible B-modules which are each totally isotropic with respect
to the commutator form. Again we conclude that m3(CR(u))  4 for u ∈ U#,
a contradiction. Thus if X acts non-trivially on Qa , then (1) holds.
On the other hand, if X acts trivially on Qa , then X acts faithfully on
Ea = E(CG(a)). As O3′(CG(a)) = 1 and m2,3(G)  3, Ea has at most three
components and the possibilities for Ea are enumerated in Lemma 2.2. As these
groups have solvable outer automorphism groups, we conclude that X  Ea .
It follows that X/Z(X)  Sz(q) and (2) is simply the list of simple groups
X ∈ Chev(2) such that X K for some K listed in Lemma 2.2. ✷
We shall also need some facts about the structure, automorphisms and covering
groups of certain small simple groups in Chev(3) and Chev(2).
Lemma 2.5. Let L= L4(3) andG=Aut(L). Then the following conditions hold:
(1) G/L∼=E4.
(2) G has two orbits on the E16-subgroups of L with representatives E1
and E2. Furthermore, E1 is a submodule of the permutation module for
NL(E1)/E1 ∼= S5 and NL(E2)∼= S4 × S4.
(3) L has two classes of involutions with representatives z and t .
(4) O2(CL(z))∼= SL2(3) ◦ SL2(3) and F ∗(CL(z))∼=Q8 ◦Q8.
(5) zL ∩O2(CL(z))= {z}.
(6) CL(t) = (Z × J )〈v〉 with Z ∼= Z4, J ∼= A6, and v an involution inverting Z
and such that J 〈v〉 ∼= S6.
(7) CG(O2(CL(z))) = 〈z,u〉, where u is an involution in G− L with CL(u) ∼=
PSO5(3).
Proof. Statements (1), (3), (4), and (6) follow directly from [ATLAS, pp. 68,69].
Taking the pullback of CL(z) in SL4(3), we see that the pullback of O2(CL(z))
is isomorphic to Q8 ×Q8. Hence the involutions of O2(CL(z)) except for z pull
back to elements of order 4 in SL4(3) and hence lie in tL, proving (5). It is not
difficult to compute that a Sylow 2-subgroup ofL is isomorphic to D8 Z2 and has
422 I. Korchagina et al. / Journal of Algebra 257 (2002) 414–451
three classes of E16 subgroups with representativesE0,E1, andE2, whereE0 and
E1 may be chosen so that NL(Ei) Hi ∼= PSO5(3) for i = 0,1, and NL(E2) is
a maximal subgroup of L isomorphic to S4 × S4. Then NL(E1) is as claimed
and an outer automorphism of L interchanges H0 and H1, E0 and E1. This
establishes (2). Finally, from the [ATLAS] we see that CG(O2(CL(z)))= 〈z,u〉,
with u in the 22-coset of L in G and with CL(u)∼= PSO5(3), proving (7). ✷
Lemma 2.6. Let L= U4(3) and G=Aut(L). Then the following statements are
correct:
(1) G/L∼=D8.
(2) L has one class zL of involutions and O2(CL(z)) ∼= SL2(3) ◦ SL2(3), with
CL(z)/O
2(CL(z))∼=E4 acting faithfully on O2(CL(z)).
(3) L has two classes of E16-subgroups fused in Aut(L). If E16 ∼= E  L, then
NL(E)/E ∼=A6.
(4) D = CG(O2(CL(z))) ∼= D8. Further, if t is an involution in D − 〈z〉, then
CL(t)∼= PSO5(3), while if v is of order 4 inD, thenLv contains an involution
j with CL(j)∼=U3(3).
(5) If x ∈ L is of order 3, then CL(x) is solvable.
Proof. Statements (1), (2), and (5) follow from [ATLAS, pp. 52,53]. Now L
has a subgroup K ∼= L3(4) and it may be computed that for a suitable T ∈
Syl2(L), J (T ) = T ∩ K , and J (T ) has exactly two E16 subgroups E1 and
E2. From [ATLAS] we see that NL(Ei)/Ei ∼= A6 and these two subgroups are
fused in Aut(L), proving (3). Let I =O2(CL(z)) for z an involution of L. From
[ATLAS] it is easy to see that NG(I)/CG(I)∼= S4  Z2 and so |CG(I)| = 8 with
CL(I)= 〈z〉. Indeed, CG(I) lies in the group denoted G.(22)122 in [ATLAS] and
contains an element v of order 4 from G.21 and an involution t from G.22.
Then CL(t) ∼= PSO5(3), as claimed, whence it follows that t inverts v and
so CG(I) ∼= D8, as claimed. Finally, Lv contains two classes of involutions,
one of which has a representative j (Atlas notation 2B) with CL(j) ∼= U3(3),
proving (4). ✷
Lemma 2.7. Let L= F ∗(G)∼= U4(2), L4(3), U4(3), or G2(3).
(1) If G contains a subgroup isomorphic to L3(4), then L ∼= U4(3) and G
contains no subgroup isomorphic to PGL3(4).
(2) If G contains a subgroup isomorphic to SL2(3)◦ SL2(3)◦Z4, then L∼= L4(3)
or U4(3). Moreover, if L ∼= L4(3), then G contains an involution u with
CL(u)∼= PSp4(3), while if L∼= U4(3), then G contains an involution u with
CL(u)∼=U3(3).
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Proof. Suppose first that G contains a subgroup isomorphic to L3(4). The first
conclusion follows from Lagrange’s Theorem. If L ∼= U4(3) and K  G with
K ∼= PGL3(4), then K  L and this is not the case by [ATLAS]. One could
also note that E  K with E ∼= E16 and NK(E)/E ∼= GL2(4), contrary to
Lemma 2.6(3).
Next suppose that G contains H ∼= SL2(3) ◦ SL2(3) ◦Z4. If L∼=U4(2), then G
is isomorphic to a subgroup of L4(3) and L4(3) has no subgroup isomorphic to
H by Lemma 2.5. If L∼=G2(3), then we see in [ATLAS, p. 61] that G contains
no subgroup isomorphic to H . Thus L∼= L4(3) or U4(3) and the lemma follows
from Lemmas 2.5 and 2.6. ✷
From [ATLAS], we see that there are two possible isomorphism types for
3-fold covering groups of U4(3): 31U4(3) and 32U4(3), in Atlas notation.
Lemma 2.8. Let L be a quasi-simple group with Z = Z(L) ∼= Z3 and L/Z ∼=
U4(3). Let G = Aut(L), K = Inn(L) ∼= L/Z, and let z be an involution in L.
Then the following conditions hold:
(1) m3(CG(z))= 3.
(2) If L∼= 31U4(3) then for each E16 ∼=E  L, m3(NL(E))= 3, and L contains
Z3 ×A4 ×A4.
(3) If L ∼= 32U4(3), then G/K ∼= E4 and CG(z) ∼= (Q28 ◦ Z4).(S3  Z2) with
O2(CG(z))= J1 ◦ J2 with Ji ∼= SL2(3), i = 1, 2.
(4) If L∼= 32U4(3) and j ∈G−K is an involution, then CL(j)∼= U3(3), S6, or
3M10.
(5) Suppose that L ∼= 32U4(3) and j ∈ CG(z) − CK(z) is an involution
normalizing J1, J2 and a Sylow 3-subgroup S of J1J2, with |CS(j)| = 3.
Then CK(j)∼=M10 and all involutions of Kj lie in jK .
Proof. Again we use facts from [ATLAS, p. 26 and pp. 52–59]. First note
that L/Z has a subgroup H ∼= U4(2) which splits over Z and so L  Z × H
with H ∼= U4(2). Now choosing z ∈ H proves (1). If L ∼= 31U4(3), then in
Atlas notation, G = U4(3).(22)122, and so there exists L  L∗ with Z = Z(L∗)
and NL∗(E)/ZE ∼= S6. However, by [GLS3, Table 6.3.1], if J is a group with
F ∗(J ) = J0 quasi-simple with center Z ∼= Z3 and J0/Z ∼= A6, then J/Z ∼=
M10  S6. Hence NL∗(E)/E splits over ZE/E, whence m3(NL(E)) = 3. This
proves (2).
Now if L ∼= 32U4(3) then in Atlas notation, G = U4(3).(22)133. We have
seen that if z is an involution of L and R = O2(CL(z)), then CAut(U4(3))(R) 
U4(3).(22)122 and so CG(R)U4(3).21 and CG(R)∼= Z4. Now (3) follows eas-
ily from the structure ofAut(Q8 ◦Q8) and then (4) follows easily from [ATLAS].
Finally, if j is as in (5), then (5) will follow from [ATLAS] if we can show
that j is an involution of type 23 in Atlas notation. Hence we may assume on
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the contrary that j is of type 21 and consider the structure of CK〈j〉(z) = C0.
Then R0 = O2(C0) ∼= Z4 ◦ Q8 ◦ Q8 and C0 = R0CK(z). Then NC0(S) =
Z(R0)NCK(z)(S) and so j induces the same action on O2(C0) as some involution
of K . Since j normalizes J1, it follows that j inverts S, contrary to assumption,
proving (5). ✷
Lemma 2.9. Let V be a non-degenerate orthogonal space of dimension 8 over F2
of + type and let H be a subgroup of the orthogonal group O(V )=O+8 (2) such
that O2(H)= 1 and m3(H)= 3. Then the following conditions hold:
(1) H is contained in a subgroup of O(V ) isomorphic to one of the following
groups:
Z2 × Sp6(2), S9, S3 ×O−6 (2), S3  S4.
(2) If H acts irreducibly on V and contains an L2(8)-subgroup, then either
(a) H ∼= Sp6(2) and V is a spin module for H ; or
(b) F ∗(H)∼=A9.
Proof. Let G = O(V ), G1 = [G,G]. Since m3(G1) = 4, H is contained in
a subgroup M of G which is maximal in either G or G1 and with G1  M .
Inspecting the maximal subgroups of 3-rank at least 3 [ATLAS], we conclude
that one of the following holds:
(1) M ∼= Z2 × Sp6(2) is the stabilizer of a nonsingular point of V .
(2) M ∼= S3 ×O−6 (2) is the stabilizer of a definite line of V .
(3) M is the stabilizer of a singular line.
(4) M ∼= S3  S4 is the stabilizer of an orthogonal decomposition of V as the sum
of four definite lines.
(5) M ∼= S9 acts irreducibly on V .
(6) M ∼= Sp6(2) and V is a spin module for M .
In cases (1), (2), (4)–(6), the first conclusion of the lemma holds. Finally, in
case (3), as O2(H) = 1, H  NG(X), where X is an E27-subgroup of H . But
then NG(X) is contained in a subgroup of type (4) and so conclusion (1) holds.
If H contains a subgroup isomorphic to L2(8), then by Lagrange’s Theorem,
H  M with [M,M] ∼= A9 or Sp6(2). In both cases, by [ATLAS], no proper
non-solvable subgroup of [M,M] has 3-rank 3 and order divisible by 7. Hence it
follows that H ∼= Sp6(2), A9, or S9. If H ∼= Sp6(2) and H acts irreducibly on V ,
then V must be a spin module for H , completing the proof. ✷
Lemma 2.10. Suppose thatL is isomorphic to one ofU4(2),G2(3), L4(3),U4(3),
or 3U4(3). IfL contains an (A4×A4)-subgroup, then L/Z(L)∼= L4(3) or U4(3).
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Proof. We easily check that m2(G2(3)) = 3 and if E  L with L ∼= U4(2) and
E ∼=E16, then NG(E)/E ∼=A5. Thus L/Z(L)∼= L4(3) or U4(3). ✷
Lemma 2.11. Let R and S be 3-subgroups of H = GL9(4) such that R ∼= 31+4,
R  S and m3(S)= 3. Then R = S.
Proof. It suffices to assume that |S : R| = 3 and derive a contradiction. First,
for any V  R such that V ∼= E27, V has 9 distinct irreducible constituents
on the natural H -module, since R ∼= 31+4. Hence CH(V ) is diagonalizable and
CH (V )∼=E39 . As m3(S)= 3, we conclude that CS(V )= V .
Set Z = Z(R), S = S/Z and let Y be the pre-image in R of Y = CRS =
Z(S) ∩ R. Then Y is non-cyclic. If m3(Y )= 2, then Y ∼= 31+2, T = CR(Y )  S,
and T > 1. Hence T ∩ Y = 1, which is absurd. Thus m3(Y ) = 3 and we
may take V  Y , whence V  S and the group S/V = S/CS(V ) of order 27
maps injectively into the group CAut(V )(V /Z) ∩ CAut(V )(Z) of order 9, again
a contradiction. ✷
3. Proof of Theorem A
We now begin the proof of Theorem A, whose hypotheses will remain in force
for the rest of the paper. We shall subdivide the proof into a series of lemmas.
Lemma 3.1. Let A be an elementary abelian p-subgroup of G of rank r ∈ {2,3}
and let A1 be a hyperplane of A. Suppose that R is a nontrivial 2-subgroup of
CG(A1) with R = [R,A]. Suppose further that J is a component of E(CG(A))
and that K is the pumpup of J in CG(A1). Then the following conclusions hold:
(1) p = 3 and r = 2.
(2) J ∼= L2(3n) and K ∼= L2(33n) for some n 2.
(3) R normalizes K and |CG(K)| is odd.
Proof. Among all (A,A1) satisfying the hypotheses, we choose a pair with r = 3
if possible. Note that if B ∼= Ep3 and t is an involution in CG(B), then by
hypothesis, B acts faithfully on Q=O2(CG(t)) and so there exists a hyperplane
B1 of B such that R = [CQ(B1),B] = 1. Thus we may choose r = 3 whenever
E(CG(B)) = 1 for some B ∼=Ep3 .
Suppose first that K is a diagonal pumpup of J . Then by Table 2.2, p = 3 and
J ∼= L2(8) with K = J1 × J2 × J3, Ji ∼= J . Since e(G)= 3 and [A1,K] = 1, we
have |A1| = 3 and so r = 2. But we may choose A˜A1 × J1 × J2 with A˜∼=E27
and A˜ CG(J3), contrary to the choice of r .
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Suppose next that R does not normalize K . As R = [R,A], the RA-orbit on
the components of CG(A1) which contains K has length at least 4, contradicting
the fact that e(G)= 3. Hence R normalizes K .
Henceforth set E1 =E(CG(A1)) and S1 =O3(CG(A1)).
Next suppose that K = J . Then R = [R,A] centralizes J . Suppose that
m2(R) > 1. If R centralizes E1, then by Lemma 2.3, r = 2. On the other hand,
by the Thompson Dihedral Lemma, as R acts faithfully on S1, m3(S1)  3 and
so, as E1 = 1, we may choose r = 3, a contradiction. Thus if m2(R) > 1, then
E1 = J × J1 with R acting non-trivially on J1.
We now assume this structure for E1, but drop the assumption that m2(R) > 1,
and derive a contradiction. Since e(G)= 3, we have that either r = 2 or mp(J )=
mp(J1) = 1. In the former case, suppose that mp(J ) > 1. Then as in Section 2,
we may choose A˜  A1 × J with mp(A˜) = 3 and [A˜, J1] = 1, contrary to the
choice of r . Thus in all cases we have mp(J ) = 1 = mp(J1). Moreover, by the
action of RA on J1, m2,p(Aut(J1))  1. It follows from Lemma 2.2 that p = 3
and J ∼= J1 ∼= L2(8) with A/A1 inducing a field automorphism on J1. Then
JA centralizes an involution t of J1, whence m3(A1) = 1, since e(G) = 3. But
m3(J1A)= 3, a contradiction to the choice of r , as usual.
Thus if K = J , then m2(R) = 1 and R centralizes E1. As R = [R,A], we
have p = 3, R ∼=Q8, and Z(R) centralizes A×J , whence r = 2, since e(G)= 3.
As usual this implies that m3(S1) 2. Since R acts faithfully on S1, the Critical
Subgroup Lemma yields a subgroup S of S1 containing A1 with S of class at most
2 and exponent 3 and with R acting faithfully on S. As m3(S1) 2, we conclude
that S1 is extra-special of order 27. But now m3(S1A) = 3 and [S1A,J ] = 1,
contradicting r = 2, as usual.
Thus K is a vertical pumpup of J normalized by RA with J a component
of E(CK(A)). It follows from Lemma 2.2 that K ∼= L2(ppn) with pn  5. As
mp(K)  5, |CG(K)| is odd and in particular, CR(K) = 1. Thus the image of
RA in CG(A1)/CG(A1K) is isomorphic to RA/A1. As R = [R,A], the image
of R lies in the image of K . Hence m2(R)  2 and so, as R = [R,A], p = 3,
and R ∼= E4. Moreover, J  CG(A) and J  J0 ∼= L2(3). Hence as e(G) = 3,
m3(A)= r = 2. This completes the proof. ✷
Corollary 3.2. If A is an elementary abelian p-subgroup of G of p-rank 3, then
E(CG(A))= 1 and m2(CG(A)) 1.
Proof. As noted at the beginning of the proof of the preceding lemma, if A
were an elementary p-subgroup of G of p-rank 3 with E(CG(A)) = 1, then we
could have chosen r = 3 in the previous lemma, contrary to conclusion (1). Thus
E(CG(A))= 1 and m2(CG(A)) 1 by Lemma 2.3(4). ✷
This gives us an opportunity to refine our description of the centralizer of an
element of order p.
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Corollary 3.3. Let c be a nontrivial p-element of G with Cc = CG(c), Lc =
E(Cc), and Qc =Op(Cc). Then the following conclusions hold:
(1) If Lc = 1, then mp(Qc) 2 and m2(Cc/CCc(Qc)) 1.
(2) If p = 3 and Lc = 1, then Cc/Lc is solvable.
(3) If Lc = 1, then either Lc is quasi-simple and is isomorphic to one of the
groups listed in Lemma 2.2, or Lc ∼= L2(p) × L2(p) with p  5, or Lc ∼=
L2(8)×L2(8) with p = 3.
(4) If p = 3 and X  Cc with X simple and X ∈ Chev(2), then either Lc = 1 and
m2(X)= 2 or X  Lc .
Proof. By Corollary 3.2, if Lc = 1, then mp(Qc)  2. Suppose now that
m2(Cc/CCc(Qc))  2. Let T ∈ Syl2(Cc) and S = CT (Qc). Then Thompson’s
Dihedral Lemma applied to QcT/S yields that mp(Qc)  3, a contradiction,
proving (1).
Now if Kc = CCc(Qc), then Kc/Z(Qc) acts faithfully on Lc and then
Lemma 2.2 yields that Kc/Lc is solvable. If p = 3, then as m3(Qc)  2, the
Critical Subgroup Lemma easily yields that Cc/Kc is solvable as well, whence
Cc/Lc is solvable in this case, proving (2).
If (3) is false, then inspecting the list of possibilities for Lc in Lemma 2.2, there
exists A Cc such that c ∈A, A∼=Ep3 and [A,X] = 1, where X is a component
of Lc . As c ∈A, X E(CG(A)) = 1, which contradicts Corollary 3.2. Hence (3)
holds.
Finally suppose that p = 3 and X  Cc with X simple and X ∈ Chev(2). If
Lc = 1, then Cc/Lc is solvable and so X  Lc , as claimed. If Lc = 1, then X acts
faithfully on Qc and Corollary 2.4(1) yields (4). ✷
When p = 3, the hypotheses of Theorem A provide an E27-subgroup A acting
faithfully on a 2-group Q. The case CQ(A) = 1 will lead to the extra-special
2-groups in the conclusion of Theorem A. The case CQ(A)= 1 will be analyzed
with the help of the following very useful lemma.
Lemma 3.4. Suppose that p = 3. Let UAG with
(1) U ∼=E4 and A∼=E27.
(2) ANG(U) with A1 = CA(U) a hyperplane of A.
(3) Y :=E(CG(U)) = 1.
Then Y is isomorphic to one of the following groups:
A5, A6, L2(8), L3(2), U3(3), L3(4), U3(4).
Moreover, if A1 acts faithfully on Y , then Y is isomorphic to one of
A6, L2(8), U3(3), L3(4).
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Proof. Set N =NG(U) so that Y = E(N) = 1 and thus Y = Y1 ◦ · · · ◦ Yl where
Yi ∈ Chev(2), O2′(Yi)= 1, and l  1. Moreover, by L2′ -balance, Y  E(CG(u))
for each involution u ∈U . Hence by the hypothesis of Theorem A, m3(Y ) 2 and
m3(CG(u)) 2 for each such u. On the other hand, ifA1 acts faithfully on Y , then
m3(Aut(Y )) 2. Also note that A contains every element of CN(A) of order 3,
as m2,3(G)= 3. Finally we remark that by Corollary 3.2, no E27 subgroup of N
centralizes U and so we are free to replace A by any other E27 subgroup of N .
We shall avail ourselves of this freedom towards the end of the proof.
Suppose that Yi/Z(Yi)∼= Sz(q) for some i . If Y ai = Yi for some a ∈ A#, then
C〈Y 〈a〉i 〉(a)= Y0 with Y0/Z(Y0)∼= Yi/Z(Yi). If Yi is A-invariant, then [Yi, a] = 1
for some a ∈A#. In either case, this contradicts Corollary 2.4. Thus no component
of Y is a Suzuki group. In particular, l  2 and each component of Y is normalized
by A.
If Z(Yi) is non-trivial cyclic with involution zi , then Yi  E(CG(zi)). But
A  CG(zi), whence E(CG(zi))= 1 by our general hypothesis, a contradiction.
As m3(Y )  2, it follows from examination of the Schur multipliers of simple
groups [GLS3, 6.1.4] that we then have either Z(Y ) = 1 or Y/Z(Y ) ∼= L3(4).
In the latter case, as m3(Aut(Y ))= 2, YCN(Y ) must contain B ∼= E27. But then
[B,Z(Y )] = 1, yielding a contradiction as before. Hence Z(Y )= 1.
By hypothesis,UA contains a subgroup 〈b〉×U〈c〉 ∼= Z3 ×A4. We now prove
that the following configuration is impossible: CG(b)  (U × Xb)〈c〉 with Xb
simple and Xb ∈ Chev(2). Assume the contrary. Consider Cb = CG(b) and let
Eb = E(Cb), Rb = O3(Cb). We claim that (U × Xb)〈c〉 acts faithfully on Eb .
First note that since m2(U ×Xb)  4, Lemma 2.3 implies that Eb = 1 and then
Corollary 3.3 yields that Cb/Eb is solvable. Hence Xb  Eb . If U〈c〉 does not
act faithfully on Eb , then U acts faithfully on Rb . But m2(Cb/CCb(Rb)) = 1
by Corollary 3.3, a contradiction. Thus (U × Xb)〈c〉 acts faithfully on Eb and
normalizes each of its components by Corollary 3.3. Moreover, checking with the
list in Lemma 2.2 refined by Corollary 3.3, we may see thatOut(Eb) is 2-nilpotent
and so in either case, U × Xb induces inner automorphisms on Eb. Suppose
that Eb is quasi-simple and let Ub denote the faithful projection of U into Eb .
As CEb(u) is non-solvable for u ∈ Ub, an easy inspection (using [ATLAS], for
example) of centralizers of involutions for groups listed in Lemma 2.2 shows that
Eb ∈ {L3(9),U3(9),L4(3)}. But in each of these cases, we see that CEb(Ub) is
solvable, a contradiction. Thus by Corollary 3.3, Eb = Y0 × Y1 ∼= L2(8)×L2(8).
By Corollary 3.2, we see first that CCb(Eb) has a cyclic Sylow 3-subgroup and
then, as O3′(Cb) = 1, that CCb(Eb) is a cyclic 3-group. Thus U × Xb  Eb . It
follows that U is contained in one of the components, say Y0, and Xb = Y1. Then
c must induce an outer automorphism on Y0 centralizing an involution t ∈ Y0.
But t is Y0-conjugate to any u ∈ U# and so m3(CG(u))  m3(Y1〈b, c〉) = 3,
contradicting the first paragraph.
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We now argue that Y is simple. Suppose on the contrary that Y = Y1 × Y2.
SinceA normalizes Yi , we may choose b1 ∈A#∩Y1. ThenCG(b1) (U×Y2)〈c〉,
which contradicts the above paragraph. Thus Y is a simple group.
Suppose that Y is not on the list of conclusions of Corollary 2.4:
{
A5, A6, L2(8), L3(2), U3(3), U3(4), L3(4), U4(2)
}
.
If m3(Aut(Y ))= 2, then some a ∈ A# centralizes Y and so Y  CG(a), contrary
to Corollary 2.4. Hence m3(Aut(Y ))  3 and A acts faithfully on Y . As Y ∈
Chev(2) with m3(Y )  2, some a ∈ A induces a field or graph automorphism
on Y . Let X =E(CY (a)). Then X is a simple subgroup of CG(a) and so must be
in the list above. (If Y ∼= 3D4(2n), we may replace A if necessary, so that a ∈ A
with X ∼= G2(2n)′.) Comparing fixed points of field and graph automorphisms
[GLS3, Section 4.9] with the above list and recalling that m3(Y )= 2, we see that
Y must be in the following set:
{
L3(26), Sp4(8), G2(8), 3D4(2)
}
.
Suppose that Y is isomorphic to any one of the four groups just listed. Replacing
A by a different E27, if necessary, we may assume that A contains an element
b ∈ Y of order 3 such that CY (b)  Xb with Xb ∼= L2(8). (We may refer to
[GLS3, Table 4.7.3A] and [ATLAS, p. 89] for 3D4(2) and G2(8).) As b ∈A∩ Y ,
[U,b] = 1, and CG(b) (U ×Xb)〈c〉, which we have shown to be impossible.
We have proved that Y is one of the groups in Corollary 2.4, with m3(Y ) 2
and, if A1 acts faithfully on Y , with m3(Aut(Y ))  2. The only possibilities for
Y are therefore the desired ones. The proof is complete. ✷
Lemma 3.5. Let A be an elementary abelian p-subgroup of G of rank 2 with
AH for some 2-local subgroup H of G such that A acts faithfully on O2(H).
Then E(CG(A))= 1 and m2(CG(A)) 2.
Proof. First note that if E(CG(A))= 1, then m2(CG(A)) 2 by Lemma 2.3(2).
Since A acts faithfully on O2(H), there exists a hyperplane A1 of A with
D = [CO2(H)(A1),A] = 1. Indeed, there exist at least two such hyperplanes and
we shall use this later to adjust our choice of A1, if necessary.
Suppose now that E(CG(A)) = 1. Then the hypotheses of Lemma 3.1 hold
and yield that p = 3, E(CG(A)) = J ∼= L2(3n), n  2, and for any hyperplane
A1 of A such that [CO2(H)(A1),A] = 1,
J E
(
CG(A1)
)∼= L2(33n).
We continue the analysis of this case.
Let U be a four-subgroup of J and let QU = O2(CG(U)). We construct
an A-invariant subgroup D0 of QU and a subgroup A0 of A of order 3 such
that [A0,D0] = 1 and U  K0 = E(CG(A0)) ∼= L2(33n). If [QU,A] = 1, then
certainly QU  CG(A1), and we take A1 as in the previous paragraph, A0 = A1
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and D0 = QU . If [QU,A] = 1, then for some hyperplane A0 of A and D0 =
CQU (A0), we have that D1 = [D0,A] = 1 and then again by Lemma 3.1, the
pumpup K0 of J in CG(A0) satisfies K0 ∼= L2(33n).
Now D0  CG(A0 × U), so D0 normalizes K0. As e(G) = 3, CG(K0) has
odd order and so CD0(K0)= 1. Thus D0 injects into CAut(K0)(U), whose Sylow
2-subgroups are the direct product of a group of field automorphisms and U . If
D0 =U , there is an involution t in D0 inducing a field automorphism on K0. But
then m3(CA0K0(t)) 4, contrary to e(G)= 3. Hence D0 =U , whence QU =U .
In particular, A1 acts faithfully on Y := E(CG(U)) and it follows from
Lemma 3.4 that Y is isomorphic to one of A6, L2(8), U3(3), or L3(4). Suppose
that Y ∼= A6 or that A  Y ∼= L3(4). Then A is inverted in NY (A1). But
some element of A induces a field automorphism on E(CG(A1)) ∼= L2(33n),
a contradiction.
Suppose that Y ∼= L3(4) with A  Y . By Corollary 3.2, m3(CG(U))  2 so
A does not induce inner automorphisms on Y , whence AY ∼= PGL3(4). Using
the fact that [A,U ] = 1 we find an E27-subgroup B NAJ (U) with A B and
hence some c ∈ B# centralizes AY , i.e., AY  CG(c). Now Corollary 3.3 implies
that AY ∼= PGL3(4) acts faithfully on E(CG(c)). But now Lemmas 2.2 and 2.7
yield a contradiction.
Suppose that Y ∼= L2(8). Then A centralizes a subgroup AY of Y of order 3,
and in fact AY = A ∩ Y , for otherwise we would have m3(NG(U))  4. If A1
induces outer automorphisms on Y , then A ∩ Y  CY (A1) ∼= L2(2) and A ∩ Y
is inverted in CG(A1), a contradiction as before. Thus A1 induces nontrivial
inner automorphisms on Y . But by the first paragraph and the fact that A acts
faithfully on Y , we may make a different choice of A1 so that this is not the case,
a contradiction.
Thus Y ∼= U3(3). Then A  Y and we let A2 be the subgroup of A which
is 3-central in Y . Then NY (A2) = RZ with R of order 27 and Z ∼= Z8. Let
〈z〉 =1(Z). Then z inverts A/A2, in particular, A1 = A2. If K2 = E(CG(A2))
is a proper pumpup of J , then since J ∼= L2(3n), Lemma 2.2 implies that A/A2
induces field automorphisms on K2, contrary to the fact that z inverts A/A2.
Hence J = E(CG(A2)) is Z-invariant. Then either z centralizes J or Z acts as
a group of field automorphisms on J . In the latter case 8 divides n and CJ (z)
J1 ∼= L2(34), contrary to e(G) = 3. Thus z centralizes A2 × J and J ∼= L2(9).
But z inverts A1 and so z acts on K ∼= L2(36) centralizing J but not K , which is
impossible. This contradiction completes the proof of the lemma. ✷
We are ready now to start making the important reductions, but first let us give
the following definition. For any extra-special 2-group S, let wd(S) be the width
of S.
Definition 3.6. Let z be an involution in G with mp(CG(z))= 3. Set F = Fz =
O2(CG(z)). We define:
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B0 = B0(z)=
{
b ∈ CG(z)
∣∣ bp = 1 = b and mp(CG(〈b, z〉))= 3},
β(z)= max{wd[B,CF (b)]
∣∣ b ∈ B0},
B = B(z)= {b ∈ B0
∣∣ wd[CF (b),B]= β(z)}.
Lemma 3.7. Let H be a 2-local subgroup of G with F ∗(H)=O2(H)=D and
with mp(H)= 3. Let B be an elementary abelian subgroup of H of order p3. The
following conditions hold:
(1) p = 3.
(2) Either CD(B)= 1 or D is of symplectic type.
(3) There is a unique class zG of involutions such that m3(CG(z)) = 3 and for
such z, F ∗(CG(z)) = Fz is a 2-group of symplectic type. Moreover, for any
b ∈ B(z) either CFz(b)∼=Q8 ◦Q8 ◦Z2n , n 1, or CFz(b)∼=Q8 ◦Q8 ◦Q2n ,
n 3.
(4) If b ∈ B(z) with Eb =E(CG(b)) = 1, then CFz(b) is faithful on Eb , β(z)= 2
and Eb/Z(Eb) is isomorphic to one of the following groups: U4(2), L±4 (3),
or G2(3).
Proof. If BD does not normalize any non-cyclic elementary abelian subgroup
of D, then by Philip Hall’s Theorem, D is of symplectic type and we may
let z be the unique involution of Z(D). Then H  CG(z) and by hypothesis,
F ∗(CG(z)) = O2(CG(z)). We may assume H = CG(z). Let T ∈ Syl2(CG(z))
and let T  S ∈ Syl2(G). Then Z(S)  Z(D) and so zG is the unique class of
2-central involutions of G.
By Corollary 3.2, m2(CD(B))  1. Assume for the moment that D is not
of symplectic type and let P0 be a noncyclic DB-invariant elementary abelian
subgroup of D. Set DB = 1(CD(B)) and P = DB1(Z(DBP0)), which is
again B-invariant and noncyclic elementary abelian. Then [B,P ] = 1, B acts
completely reducibly on P and |DB | = |CP (B)|  2. Moreover, for every
hyperplaneB1 of B , B1 acts faithfully on D and so by Lemma 3.5, |CP (B1)| 4.
It follows that p = 3 and CD(B)= 1. In particular, this proves (2).
LetB1 be a hyperplane ofB with CP (B1)=U of order 4. Then by Lemma 3.5,
F ∗(CG(B1))= O3(CG(B1))=Q1 and the Thompson Dihedral Lemma applied
to Q1U yields that for some involution z of U , m3(CG(z)) = 3. The previous
arguments then apply to CG(z), which is 2-constrained by the hypothesis of our
theorem, and this establishes (3), except for the assertion concerning CFz(b).
Thus we may assume that D is of symplectic type. By [GLS2, Lemma 24.4],
p  5 and CD(b) := Db is of symplectic type for all b ∈ B . Let b ∈ B(z). Then
CB(Db)= 〈b〉, for if not then
D = 〈CD(b1)
∣∣ b1 ∈ CB(Db)#〉=Db,
contrary to CB(D) = 1. Thus B/〈b〉 acts faithfully on Db and so, if p = 5,
then Db  Q8 ◦ D8 ◦ Q8 ◦ D8, so that m2(Db)  4. Also if p = 3 but the
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assertion in (3) concerning Db fails, then again we must have m2(Db) 4. Thus
we shall assume this for the remainder of the proof and derive a contradiction.
Let 〈z〉 = 1(Z(D)) = 1(Z(Db)). By Lemma 2.3, Db does not act faithfully
on Op(CG(b)) and so as 〈z, b〉/〈b〉 is the unique minimal normal subgroup
of DbB/〈b〉, it follows that DbB/〈b〉 acts faithfully on Eb = E(CG(b)). Let
C˜ = CG(b)/CG(b,Eb). The possible structures forEb are listed in Lemma 2.2, as
modified by Corollary 3.3. Let D0 = [Db,B]. By the structure of Eb , Out(Eb) is
2-nilpotent so D˜0  E˜b . If p = 5, then, as B/〈b〉 acts faithfully on Db , it follows
that D0 has sectional 2-rank at least 8, whereas that of Eb is at most 5. Hence
p = 3, proving (1). In this case D0 contains a subgroup isomorphic to Q8 ◦Q8
and it follows by inspection of the possibilities that Eb/Z(Eb) is isomorphic to
one of PSp4(3), L4(3), U4(3), or G2(3) proving (4). Thus D0 ∼=Q8 ◦Q8. Now
Db =D0 ◦CD(B) and m2(CD(B))= 1, completing the proof of (3). ✷
We henceforth fix the class zG of 2-central involutions of G. We set C = Cz =
CG(z), F = F ∗(C), Z = Z(F) and fix a subgroup B  C with B ∼= E27. Now
choose b ∈ B, Q a Q28-subgroup of CF (b), and B0 a complement to 〈b〉 in B . As
b ∈ B, B0 is faithful on Q.
Our next main goal is the following refinement of the structure of O2(CG(z)).
Lemma 3.8. The following conditions hold:
(1) F ∼=Ql8 with l ∈ {3,4}.
(2) CF (b)∼=Q28.
(3) CF (B)= 〈z〉.
(4) If B1 is a hyperplane of B with CF (B1) > CF (B), then CF (B1)∼=Q8.
(5) Either E(CG(b)) = 1 or F ∗(CG(b)) contains a characteristic elementary
abelian subgroup Rb ∼=E35 with CRb(z)= 〈b〉.
The proof is lengthy and we proceed by verifying a sequence of intermediate
claims. We write F =Ez ◦M whereEz = [F,B] is extra-special andM = CF (B)
has 2-rank 1 with M isomorphic to a subgroup of Q2n . We let l denote the
width of Ez. Also note that by Lemma 3.5, if B1 is any hyperplane of B , then
either CEz(B1)= 〈z〉 or CEz(B1)∼=Q8 (and M is cyclic in the latter case), since
m2(Q
2
8)= 3.
Claim 3.9. The following hold:
(1) M is cyclic.
(2) If β(z)= 2, then l  5.
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Proof. Lemma 11.23 from [GLS2] implies that we may choose a hyperplane B1
of B with CEz(B1) Q1 ∼=Q8. Then by Lemma 3.5, CEz(B1) =Q1 and M is
cyclic, proving (1).
If β(z) = 2 and b1 ∈ B#1 , then either CEz(b1) = CEz(B1) or CEz(b1) ∼=
Q8 ◦Q8. The result is now clear. ✷
Claim 3.10. If E(CG(b)) = Lb = 1 for some b ∈ B(z), then M = 〈z〉 and
CF (b
′)∼=Q28 for all b′ ∈ B(z).
Proof. Suppose by way of contradiction that 〈z〉 < Z1  M , so that CF (b) 
Q ◦Z1 with Z1 ∼= Z4.
Since CF (b) acts faithfully on Lb by Lemma 3.7(4) and QB0  CG(b) with
Q= [Q,B0], QZ1B0 is faithful on Lb . Let us denote C˜b = CG(b)/CG(b,Lb), so
that C˜b is isomorphic to a subgroup of Aut(Lb). Lemma 3.7(4) implies that L˜b is
isomorphic to one of PSp4(3),G2(3), L4(3), or U4(3). As C˜b contains a subgroup
isomorphic to QZ1B , it follows from Lemma 2.7 that either Lb ∼= L4(3) and
CG(b) contains an involution u with CLb(u) ∼= PSp4(3), or Lb/Z(Lb) ∼= U4(3)
and CG(b) contains an involution u with C〈b,Lb〉(u)∼= Z3 ×U3(3). In the former
case, m3(CG(u)) 4, a contradiction. Hence Lb/Z(Lb)∼=U4(3) and u exists, as
described.
Since m3(CG(u)) = 3, we have u ∈ zG by Lemma 3.7. By the preceding
claim, l  5. Hence C has a subgroup 〈a〉 × J with a of order 3 and J ∼= U3(3)
acting faithfully on a symplectic space V of dimension at most 10. Moreover,
dim(CV (a)) 4. Thus J acts trivially on the fixed-point space of a. But then J
must embed in a unitary group SU(m,2) with m 5. This is impossible since 7
does not divide |SU(5,2)|, a final contradiction. ✷
Claim 3.11. The following conclusions hold:
(1) M = 〈z〉, CF (b)=Q∼=Q28, and β(z)= 2.
(2) If Lb = 1, then F ∗(CG(b)) contains a characteristic elementary abelian
subgroup Rb ∼=E35 with CRb(z)= 〈b〉.
Proof. First note that if Lb = 1, then (1) holds by the preceding claim. Hence we
may assume that Lb = 1. Let Rb be a characteristic subgroup of O3(CG(b)),
minimal subject to the conditions: b ∈ Rb and [Rb, z] = 1. Then the Critical
Subgroup Lemma implies that cl(Rb) 2 and exp(Rb)= 3.
Suppose first that Rb is elementary abelian and let E = [Rb, z]. Then z inverts
E, and so QM acts faithfully on E. Let t be any involution of Q − 〈z〉. Then
tz ∈ tQ and so E = CE(t)⊕ CE(tz) with CE(t) ∼= CE(tz). Since m2,3(G)= 3,
dim(E) 4. Hence dim(E)= 4 and Q acts absolutely irreducibly on E, whence
〈z〉 = CGL(E)(Q) and so M = 〈z〉 and wd(Q)= 2, proving (1). Let E0 = CRb(z).
Then dim(E0) 3 and b ∈E0. As QB acts on E0, it follows that Q acts trivially
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on E0. But then as Q acts completely reducibly on Rb and m3(CRb(t)) = 3, we
conclude that E0 = 〈b〉 and Rb ∼= E35 , as claimed in (2). Thus we are done if Rb
is abelian.
Henceforth we may assume that Rb is of class 2 and Z(Rb)  CG(z). Thus
[Q,Z(Rb)]  F ∩ Z(Rb) = 1 and so Q centralizes Z(Rb). As m2(Q) = 3,
Lemma 3.5 implies that Z(Rb)= 〈b〉 and so Rb is extra-special. Again let t ∈Q
be any involution distinct from z. As m3(CRb (t))  3, we see as before that
|Rb| = 35 or 39. As Q is not isomorphic to a subgroup of Sp4(3), we conclude that
|Rb| = 39. The following argument is basically due to Klinger and Mason [KMa].
We have CRb(t)= R1 ◦ R2 with Ri extra-special of order 27 and exponent 3.
In particular, m3(CG(t))= 3 and so t ∈ zG. Set z= tg and Di = Rgi , i = 1,2. Set
D0 =D1D2 ∼= 31+4 and 〈d〉 = Z(D0). Thus D0  C and so m2(F/Φ(F)) 18.
Indeed, let W˜ be a faithful irreducible D0-submodule of F˜ = F/Φ(F). Then
dim(W˜ ) = 18 and for x ∈ D0 − 〈d〉, CW(x) ∼= Q8 ◦ Q8 ◦ Q8, where W is the
pre-image of W˜ in F . Then, by Claim 3.10, E(CG(x))= 1 and, by Lemma 2.3,
CW(x) = CF (x) for all x ∈D0 − 〈d〉. Then F =WCF (d) and, if CF (d) = 〈z〉,
then C˜F (d)D0/〈d〉 is a Frobenius group, which is absurd. Hence F = W and
F˜ is an irreducible D0-module. As C/F embeds in GL(F˜ ), we conclude that
CC(D0) = 〈z, d〉 and that a Sylow 3-subgroup of C containing D0 embeds in
CGL(W˜ )(Z(D0))
∼= GL9(4). But m3(C)m2,3(G)= 3, and so D0 ∈ Syl3(C) by
Lemma 2.11. Moreover, M = 〈z〉. Now for x ∈D0 −Z(D0), [B,CF (x)] ∼=Q8 ◦
Q8 ◦Q8. Hence as b ∈ B, this is the structure of Q= CF (b) and Q acts absolutely
irreducibly on Rb/〈b〉. It follows that Qb = O3(CG(b)) acts trivially on Rb/〈b〉
and so Qb =Rb ◦CQb(Rb). Let Sb = CQb(Rb). Then CSb (t) 〈t, b〉 ∩Qb = 〈b〉
so t inverts Sb/〈b〉, as does tz. So Sb  C and [Sb, t]  F ∩ Sb = 1. Hence
Sb = 〈b〉 and Qb =Rb .
Again choose x ∈ D0 − Z(D0) and let s be an involution of CF (x) − 〈z〉,
so that CF (x, s) = T × 〈s〉 with T ∼= Q8 ◦ D8 and Z(T ) = 〈z〉. Set E :=
CO3(CG(x))(s)
∼=D0. As z inverts O3(CG(x))/〈x〉, we see that CCF (x,s)(E)= 〈s〉.
Set Fs =O2(CG(s)). Then CG(s) FsECF (x, s) and Fs ∩CF (x, s)= 〈s〉.
Set L = CG(s) and N = NL(E). Choose y non-central in E with |CN(y)|2
maximal. Let I2 ∈ Syl2(CN(y)) and expand I2 to I ∈ Syl2(N). Then |I | 
|CF (x, s)| = 26. Let |I | = 2α . As |E −Z(E)| = 240 and the 2-part of 240 is 16,
some N -orbit O on E − Z(E) has |O|2  16. Then by choice of y , |yN |2  16
and so
|I2| := 2β  2α−4.
Now let Cy = CG(y) and let H2 = CO2(L)(y)∼=Q8 ◦Q8 ◦Q8. Set CE(y)=
E0 × 〈y〉 with E0 extra-special of order 27. As Z(E0) = Z(E) acts fixed-point
freely on H2/Z(H2), it follows that E0 acts faithfully on H2.
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Now I2×〈y〉 acts on E and, by the A×B lemma,CI2(E0)= CI2(E)= 〈s〉. So
CE0I2(H2)= 〈s〉. Note that H2/Z(H2) has 27 non-zero singular vectors permuted
by E0I2. It follows that I2 must fix a vector, i.e., there exists t2 ∈H2−Z(H2) with∣∣CH2I2(t2)
∣∣= ∣∣CH2(t2)
∣∣∣∣I2/〈s〉
∣∣= 25+β  2α+1.
Now CO3(Cy)(t2)= E2 ∼= E. But then (t2,E2) is G-conjugate to (s,E) (since
D0 ∈ Syl3(C)) and so
2α = |I | = ∣∣CG(s) ∩NG(E)
∣∣
2 =
∣∣CG(t2)∩NG(E2)
∣∣
2 
∣∣CH2I2(t2)
∣∣
 2α+1,
a final contradiction. ✷
Claim 3.12. We have that F ∼=Ql8 with 3 l  5 and CF (B)= 〈z〉. Moreover, if
B1 is a hyperplane of B , then either CF (B1)= 〈z〉 or CF (B1)∼=Q8.
Proof. By the previous claim, F is extra-special and as B acts faithfully on F , we
have that F ∼=Ql8 for some l  3. By Claim 3.11(1), β(z)= 2 and CF (B)= 〈z〉,
so l  5 by Claim 3.9(2), and CF (B1) is isomorphic either to Q8 or to Z2 for B1
a hyperplane of B . ✷
Finally suppose that l = 5. There there exist exactly five hyperplanes of
B: B11 , . . . ,B
5
1 , with CF (B
i
1) = 1. Any three of these hyperplanes have trivial
intersection, since otherwise there would exists b0 ∈ B# with CF (b0) ∼= Q38.
Passing to the dual space, we must have five vectors in B∗, e1, . . . , e5, with the
property that any three of them span B∗. But then, writing coordinates relative to
the ordered basis {e1, e2, e2} over the field F3, we may assume that e4 = (1,1,1)
and e5 = (1,1,−1). But then e5 = e3 + e4, a contradiction. Hence l ∈ {3,4}, as
claimed, completing the proof of the lemma.
Lemma 3.13. Let B  T ∈ Syl3(C). Then one of the following conditions holds:
(1) B = T .
(2) T ∼= Z3  Z3, B = J (T ), and Z(T ) is not generated by a member of B(z).
Proof. Suppose that B = T . If F ∼= Q38, then the result follows from the
structure of Sylow 3-subgroup T of O−6 (2) (see [ATLAS]) and the fact that
CV (Z(T ))= 0, where V is the natural module for O−6 (2). So assume F ∼=Q48.
Then T leaves invariant an orthogonal decomposition V =U⊕W with W a plane
containing no nonzero singular vectors. By Lemma 3.8(2), T acts faithfully on the
6-dimensional orthogonal space U and so again the isomorphism type of T is as
claimed and CV (Z(T ))W , completing the proof. ✷
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Lemma 3.14. We have Lb =E(CG(b)) = 1.
Proof. Suppose on the contrary that Lb = 1. Let W =O3(CG(b))= F ∗(CG(b))
and let Cb = CG(b)/W . Let B  T ∈ Syl3(C). By the previous lemma, since
b ∈ B(z), B ∈ Syl3(CC(b)) = Syl3(CCb(z)). Since B/〈b〉 is faithful on CF (b),
B ∩W = 〈b〉 and so z inverts W/〈b〉.
Now by Lemma 3.8(5), there is a characteristic subgroup Rb of W with b ∈ Rb
and Rb ∼= E35 . If t is an involution of CF (b) − 〈z〉, then CRb(t) ∼= E27. Thus
|CW/Rb (t)| 3 and so |W/Rb| 9. But CF (b)∼=Q28 and if W =Rb , then CF (b)
acts faithfully on W/Rb , a contradiction. Thus W =Rb .
As z inverts W/〈b〉, z¯ ∈ Z(Cb). As Q = CF (b) is normal in CC(b), Q  Cb .
Since Q acts absolutely irreducibly on W/〈b〉, CCb(Q) = 〈z¯〉. In particular,
B ∈ Syl3(Cb) and WB ∈ Syl3(CG(b)). Now H = BQ/〈b〉 ∼= SL2(3) ◦ SL2(3)
and H acts faithfully on W/〈b〉. It follows that W/〈b〉, as H -module, is the tensor
product of two faithful SL2(3)-modules and we infer that |CW/〈b〉(B)| = 3. It
follows that m3(CG(B)) 4.
However, CW(t) := A ∼= E27 and so, as t ∈ zG and B = J (T ), A and B are
G-conjugate. But W  CG(A) and so m3(CG(A))  5, a contradiction proving
the result. ✷
We now choose a maximal 2-local subgroup H of G with D := F ∗(H) =
O2(H) and with B  H where B ∼= E27. We fix b ∈ B# with m2(CD(b))  3.
Thus if H = C, then D = F and CF (b) ∼= Q28. So this is an extension of our
previous notation.
Lemma 3.15. We have that Lb = 1, CG(b,Lb) = 〈b〉 and one of the following
conclusions holds:
(1) CD(B) = 1, CDB(b) RB ∼= Z3 × A4 × A4, RB  〈b,Lb〉, 〈b,Lb〉/〈b〉 ∼=
L4(3) or U4(3).
(2) CD(B) = 1, CDB(b) 〈b,Lb〉 with
CDB(b)= 〈b〉 ×RB1 ∼= Z3 × SL2(3) ◦ SL2(3),
and either Lb ∼= PSp4(3),G2(3),L4(3), or U4(3), or b ∈ Lb and Lb/〈b〉 ∼=
U4(3).
Proof. Suppose first that CD(B) = 1 and let R1 = CD(b). By Lemma 3.5,
〈b〉 = CB(R1). Thus if B = 〈b,B1〉, then Theorem 2.1 applied to R1B1 yields
a subgroup RB1 ∼= A4 × A4. Then by Lemma 2.3, Lb = 1. Likewise if
CD(B) = 1, then Lemmas 3.7 and 3.8 yield D ∼= Q38 or Q48 and CDB(b) =〈b〉 ×RB1 with RB1 ∼= SL2(3) ◦ SL2(3). By the preceding lemma, again Lb = 1.
By Lemma 3.5, B1 acts faithfully on each component J of Lb . Suppose
that J is isomorphic to one of L2(8), L2(3n), L3(3), U3(3), L3(9), or U3(9).
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If E ∼= E9 is a subgroup of Aut(J ) with a 2-signalizer S = [S,E] = 1, then
J ∼= L2(33m) for some m  1. Then CG(b,J ) has odd order, since e(G) = 3.
As Aut(J )/J is abelian, it follows that R = [R,B1]  O2′(JC(b,J )) = J .
But m2(J ) = 2 < m2(R), a contradiction. Hence R = [R,B1] centralizes J .
Let a ∈ CJ (B) of order 3. As B〈a〉 normalizes R, a ∈ B . But then 〈a, b〉 is
a hyperplane of B centralizing R, contradicting the fact that B1 acts faithfully
on R.
By the table in Lemma 2.2, we conclude that 〈b,Lb〉/〈b〉 ∼= PSp4(3), G2(3),
L4(3), or U4(3). In all cases, m3(Lb) − m3(Z(Lb))  3. If A is a non-cyclic
3-subgroup of CG(b,Lb), then AA∗  CG(t) for some A∗ ∼=E27, A∗ ALb,
and t an involution of Lb . But then E(CG(A))= 1 by Lemma 3.5, a contradiction.
Hence CG(b,Lb) has a cyclic Sylow 3-subgroupK and, as b ∈K , CG(b,Lb) has
a normal 3-complement. But O3′(CG(b))= 1 and so F ∗(CG(b))= K ◦ Lb and
CG(b)/K acts faithfully on Lb .
In all cases, Out(Lb) is a 2-group so RB KLb and
RB1 ∼=RBK/K KLb/K ∼= Lb/Z(Lb).
If CD(B) = 1, it follows that that Lb/〈b〉 contains a subgroup isomorphic to
A4 ×A4. By Lemma 2.10, Lb/Z(Lb)∼= L±4 (3) and (1) holds.
Now assume that CD(B) = 1. Then we may assume that z ∈ Lb and KB
is a 3-subgroup of CC(b). Hence KB = B and so K = 〈b〉. We conclude that
RB  〈b,Lb〉, as claimed.
Finally suppose that Lb ∼= 3G2(3). Then RB  BLb = Lb , and then RB
has a non-abelian Sylow 3-subgroup of order 27 (see [GLS3, p. 319]), a final
contradiction. ✷
Lemma 3.16. We have that Lb  L4(3).
Proof. Assume the contrary and continue as in the preceding lemma. We may
replace H by CG(z) for a suitable involution z ∈ Lb if necessary and assume that
R =O2(CLb(z)). We let t be an involution in R − 〈z〉. By Lemma 2.5, we have
that t is not 2-central in Lb and so CLb(t) = (〈v〉 × J )〈u〉 with v2 = t , J ∼= A6,
J 〈u〉 ∼= S6, and vu = v−1. In particular, [J, z] = J .
As m3(CG(t))= 3, we have that t ∈ zG and Ft =O2(CG(t))∼=Q38 or Q48. As
〈b〉 × J is not isomorphic to a subgroup of O−6 (2), Ft ∼= F ∼=Q48, and CF (t) ∼=
D38 ×Z2. Set Ct = CG(t)/Ft . Then, as J = [J, z], we have that S = CF (t)∼=D38 .
We also have that m3(Ct )= 3 and that
Ct  〈b¯〉 × J¯ ∼= Z3 ×A6 with J¯ CCt (b¯).
Hence by Lemma 2.9, Ct is isomorphic to a subgroup of S9, S3 × O−6 (2), or
Sp6(2) × Z2. Each of these groups has the property that a Sylow 2-subgroup
contains a normal elementary abelian subgroup with quotient isomorphic to D8.
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Hence S has a normal elementary abelian subgroup with quotient isomorphic to
a subgroup of D8. But in fact any nontrivial elementary abelian normal subgroup
of S has elementary abelian quotient of order at least 8, a contradiction. ✷
In the next lemma we establish conclusion (4) of Theorem A. In conjunction
with Lemmas 3.7, 3.8, 3.15, and 3.16, it will then remain to show that if
Lb/Z(Lb) ∼= U4(3), then Lb ∼= 32U4(3), in order to complete the proof of
Theorem A. The key steps in showing this are the observation already made in
Lemma 2.8 that if Lb ∼=U4(3) or 31U4(3), thenLb contains an A4×A4 subgroup,
and the following lemma.
Lemma 3.17. Suppose that H is a 2-local subgroup of G with F ∗(H) =
O2(H) :=D and with B  H , B ∼= E27. Then DB does not contain a subgroup
isomorphic to A4 ×A4 ×A4. In particular, CD(B) = 1.
Proof. The second conclusion is immediate from the first via Theorem 2.1. Now
suppose
H DB U1〈c1〉 ×U2〈c2〉 ×U3〈c3〉 ∼=A4 ×A4 ×A4,
with B = 〈c1, c2, c3〉 and Ui ∼=E4 for all i . Setting L=E(CG(c3)), we must have
〈c3,L〉/〈c3〉 ∼=U4(3) by Lemmas 3.15 and 3.16, with 〈U1,U2,B〉 〈c3,L〉.
Set Y =E(CG(U3)) and suppose that Y = 1. By Lemma 3.4, Y is isomorphic
to one of A5, A6, L2(8), L3(2), U3(3), L3(4), or U3(4). As B normalizes Y and
B contains every element of CY (B) of order 3, B ∩ Y = 1. Set U = U1U2U3.
Then [U,B ∩ Y ] Y and so Y  L2(8). Moreover, unless Y ∼= L3(4), we must
have |[U,B ∩ Y ]| = 4 and in such cases we may assume that UB ∩ Y = U1〈c1〉
and 〈c2, c3〉 centralizes Y .
Suppose that 〈c2, c3〉 centralizes Y . Then by the above, Y  CL(c2), where
L= E(CG(c3))∼= U4(3) or 3U4(3). Since the centralizer of any 3-element of L
is solvable by Lemma 2.6, it then follows that 〈c2, c3〉 centralizes L, contrary to
Lemma 3.5.
Hence Y ∼= L3(4) and 〈c2, c3〉 does not centralize Y . As m3(Aut(L3(4)))= 2,
C〈c2,c3〉(Y ) = 〈c〉 = 1 and then by Lemma 2.2, Corollary 3.3, and Lemma 2.7,
Y  Lc = E(CG(c)) with Lc ∼= U4(3) or 3U4(3). But then YB/〈c〉 ∼= PGL(3,4)
embeds into 〈c,Lc〉/〈c〉 ∼=U4(3), contradicting Lemma 2.7.
As i = 3 was an arbitrary choice, we conclude that F ∗(CG(Ui))=O2(CG(Ui))
for all i . Now set E = U1 × U2 and Ji = Ui〈ci〉. As CG(E)  CG(U1),
F ∗(CG(E)) =O2(CG(E)) :=QE . Setting b = c3, we have that L = E(CG(b))
satisfies L/Z(L) ∼= U4(3) with J1J2  〈b,L〉. In particular, E  L and by
Lemma 2.6, N〈b,L〉(E) = E(〈b〉 × J ) with J ∼= A6, J acting irreducibly on E
and E  Z(QE). Since [QE,b] = 1, QE must contain E properly. Moreover, all
elements of E# are conjugate since U4(3) has one class of involutions.
We proceed to derive a contradiction via a lengthy sequence of claims.
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Claim 3.18. CQE(b)=E.
Proof. Let F = CQE(b), Cb = Cb/CCb(J ). Then F ∼= F . If E is a proper
subgroup of F , then by the structure of Aut(U4(3)), F J¯ ∼=E32A6. But then there
exists f ∈ F −E with CL(f )∼= PSp4(3). Then CG(f ) 〈b〉×J0, J0 ∼= PSp4(3),
i.e., m3(CG(f )) 4, which is a contradiction. ✷
We now study the embedding of QE in CG(z) for z ∈E#. Recall our notation
C = CG(z) and F = O2(CG(z)). First observe that for some e ∈ E#, CL(z) 
(Q1〈b1〉)(Q1〈b1〉)e〈e〉 with Q1〈b1〉 and Qe1〈be1〉 being commuting copies of
SL2(3). Also CL(z) ∩NL(E)  (Q1Qe1)(〈β〉 × 〈e〉) with β = b1be1 and E〈β〉 =
CQ1Qe1〈b1,be1,e〉(〈e〉)∼= Z2 ×Z2 ×A4. Also CL(z) acts irreducibly on Q1 ◦Qe1/〈z〉.
Hence either Q1 ◦Qe1  F or Q1 ◦Qe1 ∩ F = 〈z〉.
Since m3(C)  m3(CL〈b〉(z)) = 3, we have F ∼= Ql8, l = 3 or 4, and the
subgroup structure of O+8 (2) (see Lemma 2.9) implies that C := C/F is
isomorphic to a subgroup of one of the following groups:
Case 1: Sp6(2);
Case 2: S9;
Case 3: S3 ×O−6 (2); or
Case 4: S3  S4.
If Q1Qe1 ∩ F = 〈z〉, then 〈b¯〉 × Q1Qe1〈b¯1, b¯e1〉 ∼= Z3 × A24. But none of
the above groups contains such a subgroup. Hence Q1Qe1  F . In particular,
E0 = E ∩ Q1Qe1 = E ∩ F is a hyperplane of E with E = E0 × 〈e〉. Also
QE ∩ F  CF (E0)= E0 ◦Q0 with Q0 ∼=Q8 ◦Q8 or Q8. Thus |QE ∩ F | 27
and if QE is abelian, then |QE ∩F | 25. By Claim 3.18, b acts fixed-point freely
on QE/E. In particular, |QE : [QE, b¯]| 2.
Claim 3.19. The following conditions hold:
(1) Either |QE| 212, or C ∼= Sp6(2).
(2) If C  Sp6(2) and |QE | = 212, then QE is non-abelian.
(3) If C  Sp6(2), then |C|2  27 and |G|2  216.
Proof. Suppose that C  Sp6(2). Assume that either |QE |  214, or QE is
abelian with |QE | = 212. Then |QE|  27 and |[QE, b¯]|  26. As [QE, b¯] 
O2(C), case (2) or (3) must hold with QE = [QE, b¯] ∈ Syl2(O2(C)). Thus
[QE, b¯] is isomorphic to a Sylow 2-subgroup of A8. But then |Z([QE, b¯])| = 2
and so b¯ centralizes Z([QE, b¯]), whence QE = [QE, b¯], which is a contradiction.
Since b acts fixed-point freely on QE/E, we conclude that |QE | 212 and QE
is non-abelian if equality holds. This yields (1) and (2).
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Finally suppose C  Sp6(2) but |C|2 > 27. Then case (3) must hold and C
must contain a Sylow 2-subgroup of S3 ×O−6 (2). As O2(C)= 1 and overgroups
of a Sylow 2-subgroup of O−6 (2) are parabolic subgroups of O
−
6 (2), it follows
that C ∼= S3 × O−6 (2). But then |C|3 = 35, contrary to Lemma 3.13. This
proves (3). ✷
The following is an argument of Smith [S].
Claim 3.20. C  Sp6(2) and |G|2  216.
Proof. The second assertion is immediate from the first and Claim 3.19. Suppose
then that C ∼= Sp6(2). As CF (B) = 〈z〉, F/〈z〉 is the spin module for C by
Lemma 2.9. Let t ∈E0 − 〈z〉 ⊆ zG, Ft = F ∗(CG(t)), K = CG(z, t), T =O2(K),
R = CF (t), and R0 = CFt (z). Then K/R ∼= E64L3(2) and T/R has a unique
minimal K-invariant subgroup (of order 8). By [A, Lemma 8.7(3)], z ∈ Ft . Hence
z ∈R0 and T/R ∼= T/R0 ∼=E64. Thus Φ(T )R ∩R0.
Suppose that Φ(T ) = 〈z, t〉. Let y ∈ T − R with CC(yF) ∼= E32S6. A 5-
element of C acts fixed-point freely on V = F/〈z〉 (otherwise we could find
first a 3-element h ∈ C such that E(CC(h¯)) ∼= A6 and |CV (h)| = 26, and then
a subgroup H ∼= E9 of C with CF (H) ∼= Q28, contradicting Lemma 3.5), and
so |V : CV (y)| = 24. Hence |R : CR(y)| 8. But if T/〈z, t〉 were abelian, then
|T : CT (y)| 4, which is a contradiction.
Since Φ(T ) ⊆ R ∩ R0 and R ∩ R0 is elementary abelian with Φ(T )/〈z, t〉,
a faithful K/T -module, we have Φ(T )=R∩R0 ∼=E32 and CR(Φ(T ))=Φ(T ).
If CT (Φ(T ))=Φ(T ), then K/Φ(T ) is isomorphic to a subgroup of GL5(2). But
|K/Φ(T )|2 = 212 > |GL5(2)|2, hence CT (Φ(T )) ⊆R.
Let T2 = CT (Φ(T )). Then R is contained properly in RT2 and RT2 is K-
invariant, whence RT2  T1, where R  T1 with T1/R the unique nontrivial
irreducible K-submodule of K/R. Also RR0 is K-invariant with |RR0/R| = 8,
whenceRR0 = T1 RT2. Finally we may pick x ∈R∩R0 and y ∈ R0−(R∩R0)
with [x, y] = t . But y ∈ R0  RT2 and so y = uv with u ∈ T2 and v ∈ R. Then
[x, y] = [x,uv] = [x, v] ∈ 〈z〉, which is a contradiction. ✷
Let R ∈ Syl3(J ) and R1 = O3(CG(R)). Since J ∼= A6, R ∼= E9. Since
〈b,R〉  NG(E), we have that F ∗(CG(R)) = R1 by Lemma 3.5. Set P =
CQE(R).
Claim 3.21. One of the following conditions holds:
(1) P = 1, |QE| = 212, and J 〈b〉 is irreducible on QE/E.
(2) P ∼=E4 and QE =E × P .
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Proof. Suppose that P = 1. By Lemma 3.5, m2(P )  2. On the other hand,
as P ∩ E = 1, CP (b) = 1 by Claim 3.18. Hence 1(Z(P )) = 1(P ) ∼= E4
lies in an S3 × S3 subgroup of PR1 by Theorem 2.1. Then as P centralizes
R, there is w ∈ 1(P )# such that m3(CG(w)) = 3. As 〈b〉 is transitive on
1(P )#, m3(CG(w)) = 3 for all w ∈ 1(P )#. Hence by Lemma 3.13 R  Z ∈
Syl3(CG(w)) with Z ∼= E27 or Z ∼= Z3 Z3. In either case, a Sylow 3-subgroup of
CG(〈w,R〉) has order 9 or 27. Then |CR1/R(w)| 3 for each w ∈1(P )# and so
|R1/R| 33. As P 〈b〉 acts faithfully on R1/R, P 〈b〉 is isomorphic to a subgroup
of SL3(3), whence P ∼=E4.
Now if QE/E has a faithful (〈b〉 × J )-chief factor V , then |V |  28. Since
|QE/E| 28 by Claims 3.19 and 3.20, this implies that P = 1. Thus either P = 1
or QE = EP . As E ∩P = 1, EP =E × P , as claimed. ✷
Finally we can prove the following statement.
Claim 3.22. QE =E × P ∼=E64.
Proof. Assume the contrary. Then by Claims 3.19 and 3.21, |QE | = 212,
Z(QE) = Φ(QE) = E, and QE/E = V is a faithful (〈b〉 × J )-module with
V = V0 ⊕ V1 a sum of isomorphic irreducible 4-dimensional F2[J ]-modules.
We claim that V0 ∼= E as F2[J ]-modules. If not, then V0 and E are the two
non-isomorphic self dual irreducible F2[J ]-modules. Both may be regarded as
F2[Sp4(2)]-modules and as such V0 ⊗ E ∼= St, the Steinberg module for Sp4(2).
As F2[J ]-module, St is the sum of two irreducible modules of dimension 8. Hence
0 = HomF2[J ](V0,E ⊗ V0)∼=HomF2[J ](V0 ⊗ V ∗0 ,E)
∼= HomF2[J ](V0 ⊗ V0,E).
But the commutator map from Q/E ×Q/E to E defines a nontrivial element of
HomF2[J ](V0 ⊗ V0,E), a contradiction, proving that V0 ∼=E.
Now choose h ∈ J0  J with h3 = 1, CQE(h) = 1, and J0 ∼= A5. Then
CQEJ0(h) = 〈h〉. As a J0-invariant 2-group with this property, QE is abelian
by [GH], a contradiction. The result follows. (Alternatively, the action of b—
trivial on E, fixed-point free on V—shows that 4-dimensional submodules of V
are the images of elementary abelian subgroups of Q. Then the commutativity
of QE follows from the relation HomF[J0](V0 ⊗ V0,V0)= 0. To see this, extend
scalars to an algebraically closed field to get J0 as the sum of the natural L2(4)-
module W0 and its algebraic conjugate W 0. Neither W0 ⊗W0 nor W0 ⊗W 0 has
a homomorphic image isomorphic to W0 or W 0: the first is one-headed with
a trivial top module, and the second is the Steinberg module. This implies the
desired relation.) ✷
Claim 3.23. NG(QE)/QE ∼= Sp6(2).
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Proof. Set N = NG(QE) and N = N/QE . Then N  Aut(QE) = GL(QE) ∼=
L6(2). Also CN(b¯) has the component J¯ ∼= A6. If O2(N) = 1, then N is
contained in a parabolic subgroup P of GL(QE) with 〈b¯〉 × J¯ contained in
a Levi complement of P . Then 〈b¯〉 × J¯ acts irreducibly on O2(P ), whence
|O2(N)| = 28. But then |N |2  217, contrary to Claim 3.20.
It follows that either F ∗(N)= 〈b¯〉× J¯ or F ∗(N)=N0 is a simple subgroup of
GL(QE). Suppose first that the latter possibility holds. By order considerations,
N0 is not a sporadic group. As A9 contains the affine group ASL(2,3), A9 has
no faithful representation in characteristic 2 of degree less than 8. Thus as
J¯ is a component of CN(b¯), N0 ∈ Chev(2) by [GLS3, Theorem 7.1.10]. As
N0 < SL(QE), we quickly reduce to the consideration of subgroups of SL3(4)
and Sp6(2), and we then (using [ATLAS]) easily conclude that N ∼= Sp6(2), as
desired.
Thus we may assume that the former case holds. As B normalizes no nontrivial
2-subgroup of N , U1U2U3 = QE and the minimal normal subgroups of N
are U1U2 = CQE(b) and U3 = [b,QE]. We can then repeat the entire proof
of this lemma for E′ = U1 × U3 in place of E and c2 in place of c3, and
conclude that QE′ = O2(CG(E′)) = U1U2U3 = QE and U2  NG(QE′) = N ,
a contradiction. ✷
We now quickly finish the proof of the lemma. By the last two claims,
NG(QE) ∩NG
(〈b〉) 〈b, t〉 ×EJ,
where t is an involution. We have that t normalizesL and centralizes EJ , whence
[L, t] = 1. But then m3(CG(t)) 4, a final contradiction. ✷
Corollary 3.24. The following conclusions hold:
(1) G has a unique class, CG(z)G, of maximal 2-local subgroups H such that
m3(H)= 3 and F ∗(H)=O2(H).
(2) If b ∈ G of order 3 with 〈b〉E(CG(b))/〈b〉 ∼= U4(3), then E(CG(b)) ∼=
32U4(3), in Atlas notation.
Proof. Let H be a maximal 2-local subgroup of G with F ∗(H)=O2(H) :=D
and let B H with B ∼=E27. By Lemma 3.17,CD(B) = 1. Hence by Lemma 3.7,
D is of symplectic type and so Z = 1(Z(D)) has order 2. Setting Z = 〈z〉,
maximality of H implies that H = CG(z) and, by Lemma 3.7, zG is the unique
class of 2-central involutions of G, proving (1).
Now let b ∈ G of order 3 with Lb := E(CG(b)) and Lb/Z(Lb) ∼= U4(3) but
Lb  32U4(3). Then 〈b,Lb〉 contains a subgroup 〈b〉 × J1 × J2 with Ji ∼= A4
by Lemma 2.8. Set U = O2(J1) and let u ∈ U#. By Lemma 2.8, we have
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m3(CCG(b)(u)) = 3 and so F ∗(CG(u)) = O2(CG(u)) by the hypotheses of
Theorem A. Therefore, F ∗(NG(U)) :=D is a 2-group and
B  〈b〉 × J1 × J2 N〈b,Lb〉(U)
with B ∼= E27. Thus by Lemma 3.17, CD(B) = 1. But then, setting B1 = B ∩
〈b,J1〉, we have m2(CD(B1)) 3, contradicting Lemma 3.5 and completing the
proof of (2). ✷
As noted before Lemma 3.17, this corollary completes the proof of Theorem A.
4. Theorem B
In this final section, we shall prove Theorem B. Thus throughout we take z
to be a 2-central involution of G, F = O2(CG(z)), E27 ∼= B  CG(z) and work
under the following additional hypothesis:
(H) For every a ∈ B with CF (a)∼=Q28, we have E(CG(a))∼= 32U4(3) or G2(3).
In other words, in view of our previous results, we are excluding the possibility
that E(CG(a)) ∼= PSp4(3). We use this exclusion right away. To begin we fix
b ∈ B with CF (b)∼=Q28 and set L= E(CG(b)). The proof is again contained in
several lemmas.
Lemma 4.1. The following conditions hold:
(1) NG(〈b〉)∩CG(L)= 〈b〉 with CG(L) of odd order.
(2) CF (b)=O2(CL(z))=Q1 ◦Q2 with Qi ∼=Q8.
(3) There exists an involution t ∈ CL(z) such that[
CL(z), t
]=Q1〈b1〉 ◦Q2〈b2〉,
with 〈b1, b2〉 = [B, t] inverted by t and with Qi〈bi〉 ∼= SL2(3).
Proof. By (H), m3(L)  4, so CG(L) has odd order and by Lemma 3.15,
CG(〈b〉L) = 〈b〉, so (1) holds. By the structure of L, O2(CL(z)) ∼= Q28, so as
CF (b) L, CF (b)=O2(CL(z)). Also by this structure, there exists an involution
t ∈ CL(z) inverting a complement to 〈b〉 in B and giving the subgroup structure
described in (2) and (3). ✷
As (bbi)t = bb−1i for i = 1,2, [GLS2, Proposition 11.23] immediately yields
the following dichotomy:
(1) F ∼=Q38, CF (b1)∼=Q28, and CF (bb1)=Q2 = CF (bb−11 ); or
(2) F ∼=Q48, CF (b1)=Q2, and CF (bb1)∼=Q28 ∼= CF (bb−11 ).
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We analyze these two cases separately, in parallel. They lead to G≈ Suz and
G≈ Th, respectively.
Lemma 4.2. Suppose that F ∼=Q38. Then the following conclusions hold:
(1) L∼= 32U4(3).
(2) C/F ∼=−6 (2) or O−6 (2).
Proof. Consider CG(b1) and let L1 =E(CG(b1)). As F ∼=Q38, an earlier remark
says CF (〈b, b1〉) ∼= Q8 and b, b1 generate the only subgroups B0 of 〈b, b1〉
of order 3 with CF (B0) ∼= Q28. Hence, by symmetry, we have b ∈ CL1(z)
and there exists t1 ∈ zL1 ∩ CG(b1, z) with bt1 = b−1. Now by Lemma 4.1, t1
induces an outer automorphism on L. If L∼= G2(3), then CL(t1)∼= 2G2(3). But
F ∗(CG(t1)) ∼= Q38 and O−6 (2) has no such subgroup. Hence L ∼= 32U4(3) and,
by Lemma 2.8, CL(t1) is non-solvable. Thus as t1 ∈ zG, C/F is non-solvable of
3-rank 3, whence C/F ∼=−6 (2) or O−6 (2), as claimed. ✷
Lemma 4.3. Suppose that F ∼=Q48. Then the following conclusions hold:
(1) L∼=G2(3).
(2) C/F ∼=A9.
(3) If c ∈ C has order 3 and maps on a 3-cycle of C/F , then CF (c)= 〈z〉.
Proof. By the action of B on F described above, 〈b1〉 is weakly closed in 〈b, b1〉
with respect to C. Consider CG(bb1) and let L1 = E(CG(bb1)). Then b1 is
inverted by an involution t1 of L1. Thus we have the following fusion in CG(z):
b= (bb1)b−11 ∼ (bb1)b1 = bb−11 ∼ bb1.
Likewise we have b ∼ bb2 ∼ bb−12 . Also in C, b is not conjugate to either b1
or b2.
Let δ = b1b2 or b−11 b2. Then bδ ∼ bδ−1 and b−1δ ∼ b−1δ−1 in C, with
CF (〈b, δ〉) = 〈z〉. Hence if CF (b@δ) ∼= Q28, then F  Q68, a contradiction. It
follows that 〈b〉C does not contain 〈bδ〉 or 〈b−1δ〉 for either choice of δ.
As B is weakly closed in a Sylow 3-subgroup of C by Lemma 3.13, NC(B)
controls C-fusion of subsets of B . As |GL(3,3)| is not divisible by 5 or 7, it fol-
lows that 〈b〉 has exactly six CG(z)-conjugates in B and we may choose notation
so that b1b2 ∈ bC but b−11 b2 ∈ bC . In particular, b is inverted by a 2-central
involution t of G and we may choose t ∈ C ∩ NG(B). Again by Lemma 4.1
t induces an outer automorphism on L.
Suppose now that L ∼= 32U4(3). As b1b2 ∈ (b−11 b2)C , we conclude that
NG(B) ∩NG(〈b〉) ∩ C induces only a four-group of automorphisms on 〈b1, b2〉.
As t normalizes B , there is an involution t0 in Lt centralizing 〈b1, b2〉 and
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normalizing CL(z), hence centralizing Q1Q2 by the Thompson (A×B)-lemma.
But by Lemma 2.8, Out(32U4(3)) is only a four-group and the centralizer in
Aut(32U4(3)) of an involution of U4(3) is an extension of Q28 ◦ Z4 by S3  Z2.
Thus t0 must centralize L, contrary to the fact that t0 inverts b ∈L.
Hence L ∼= G2(3) and CL(t) ∼= 2G2(3). By Lemma 2.9, C/F = C ∼= A9, S9
or Sp(6,2). As 〈b〉 has six conjugates in B under C, in the latter two cases,
|NC(〈b¯〉) ∩NC(B)|2 = 8. But NC(〈b〉)/〈b〉 acts faithfully on L, a contradiction
to the structure of Aut(L). Hence C ∼=A9, as claimed.
Finally since 〈b〉 has six C-conjugates in B , it maps to a product of two disjoint
3-cycles in C. There thus exists a hyperplane B0  B containing b such that
B0 contains two conjugates of 〈b¯〉 and two of 〈c〉, where c is a 3-cycle. Since
CF (b) ∼= Q28, we compute from the action of B0 on F that either CF (c) = 〈z〉
or [CF (b),B0] = 1. The latter is impossible because we see in L that B/〈b〉 acts
faithfully on CF (b). This completes the proof. ✷
The next step is to determine the isomorphism type of C by combining our
knowledge of the structures ofC andCG(b)with the theory of extensions of extra-
special 2-groups from [GLS2, Section 31]. In the three cases to which we are
reduced by the previous two lemmas, we let G∗ = Suz,Aut(Suz), or Th according
as C/F ∼= −6 (2), O−6 (2) or A9 (with F ∼= Q38, Q38, or Q48, respectively). Let
z∗ ∈G∗ be any 2-central involution and set C∗ = CG∗(z∗) and F ∗ =O2(C∗).
The proof that C ∼= C∗ proceeds as follows. We first establish that our
known conditions on C determine the image of C in Out(F ) up to conjugacy.
Hence the discussion in [GLS2, Section 31] has the following consequences.
We choose isomorphisms f :F → F ∗ and C → C∗/F ∗ in a manner consistent
with the actions of C and C∗ on F and F ∗, respectively. These give an
identification f˜ :C/Z→C∗/Z∗, where Z =Z(F) and Z∗ =Z(F ∗). By [GLS2,
Proposition 31.7] there is a 2-cocycle α ∈ Z2(C,Z) and an isomorphism
g :Cα ∼= C∗ such that g|F = f and g induces f˜ moduloZ andZ∗. HereCα is the
result of twisting C by α, that is, Cα is the group with the same underlying set asC
and with twisted multiplication x ∗α y = xyα(x¯, y¯). Moreover, the isomorphism
type of C is determined simply by the cohomology class of α in H 2(C,Z)
(although it is possible that different cohomology classes correspond to the same
isomorphism class for C).
We shall prove that this cohomology class is trivial by setting N = NG(〈b〉)
or CG(b) and restricting α from C to N0, where N0 = (C ∩ N) ∩ NG(B).
Doing this in two ways: in C, regarding C ∩ N as NC(〈b〉) or CC(b), and
in N , regarding C ∩ N as CN(z), will give us the needed result. Notice that
CF (B) = Z, so N0 ∩ F = Z. Let B∗ be a Sylow 3-subgroup of the preimage
in C∗ of f˜ (BZ/Z), and b∗ ∈ B∗ the element corresponding to b under f˜ .
In G∗ we define corresponding subgroups: N∗ = NG∗(〈b∗〉) or CG∗(b∗), and
N∗0 =NN∗ (B∗)∩C∗.
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Let T and T ∗ be Sylow 2-subgroups of N0 and N∗0 , corresponding under f˜ .
Then T/Z and T ∗/Z∗ act faithfully on B and B∗, respectively, so their
embeddings in N and N∗ can be determined by their actions on B and B∗. Using
this we shall obtain an isomorphism h :N∗ → N carrying b∗ to b, B∗ to B and
T ∗ to some T1, and for which we shall have explicit knowledge of h(g(y)) for
certain critical elements y ∈ T for which y2 ∈ Z. For example, we might know
that h(g(y)) ∈ yZ. Composing g and the restriction h|T ∗ :T ∗ → T1 we shall have
an isomorphism
β: Tα ∼= T ∗ ∼= T1
for which we shall have information about β(y) for the critical involutions y .
If, for example, we know that β(y) ∈ yZ, then y is an involution in T1 if and
only if it is an involution in Tα . That is, y2 has the same meaning in T1 and Tα ,
or equivalently, α(y, y) = 1. From this information for the critical y’s and by
examining the well-known group H 2(C,Z) in our situations, we shall deduce
that α is trivial, proving that C ∼= C∗.
Lemma 4.4. Suppose that F ∼=Q38. Then C ∼= C∗.
Proof. We follow the above outline. Now C ∼=−6 (2) or O−6 (2), so C is uniquely
determined as a subgroup of Out(F )∼=O−6 (2) by its isomorphism type.
In C′ ∼= −6 (2) we know that b¯ is an element such that [b,F ] ∼= Q8. On the
other hand, we have F ∗(NG(〈b〉))= L ∼= 32U4(3), and Out(L) ∼= E4. A similar
statement holds for NG∗(〈b∗〉), with z∗ ∈ F ∗(NG∗(〈b∗〉)).
Consider the case C ∼= −6 (2), for which we use N = CG(b) and N∗ =
CG∗(b∗). Then T contains a unique involution y centralizing b¯, but inverting
B/〈b¯〉, and it is not 2-central in C. Moreover, T ∼= E4. This condition implies
that N = L, and as G∗ ∼= Suz we also know that N∗ ∼= L. Since L has
a unique conjugacy class of involutions and B ∈ Syl3(CG(〈b, z〉)), we may
choose an isomorphism h :N∗ →N so that h(b∗)= b, h(z∗)= z, and h(B∗)= B .
Then h(y∗) = y where y∗ is some involution centralizing z∗ and inverting
B∗/〈b∗〉. As CL(z,B) = 〈z,B〉, this condition determines y∗ uniquely modulo
〈z∗,B∗〉. Altering h by conjugation by an appropriate element of B , and possibly
multiplying y by z, we achieve the condition that g(y) = y∗ and h(y∗) = y . As
shown above, this implies that α(y, y)= 1.
In this case H 2(C,Z), which is isomorphic to the exponent 2-subgroup of the
Schur multiplier of C [GLS2, Lemma 31.9]), is isomorphic to Z2. Suppose that
α is nontrivial. It follows that α is a factor set for the universal covering group
Sp4(3) of C. Since y is not 2-central in C it follows that y lifts to an element
of order 4, so that α(y, y) = 1, a contradiction. Thus α is trivial and C ∼= C∗, as
required.
Consider next the case C ∼=O−6 (2). This time we use N =NG(〈b〉). We have
|T | = 16 in C, which forces |N : L| = 4. Thus N/〈b〉 ∼=Aut(L). As |Out(L)| is
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coprime to |Z(L)|, the isomorphism type of N is uniquely determined. Moreover,
T contains an element y1 such that y1 is the unique involution inverting b¯ but
centralizing B/〈b¯〉; also, y1 ∈ C′. Thus |CN(〈z〉B/〈b〉)| = 4, and by Lemma 2.8,
we must have that L〈y1〉/〈b〉 is the subgroup of PGU4(3) of index 2, and y1 ∈
Z(O2(CN(z))). Now as before there is an isomorphism h :N∗ →N carrying b∗,
B∗, and z∗ to b, B , and z, and carrying a generator y∗1 ofZ(O2(CN∗(z∗))) to either
y1 or y1z. Since y∗1 inverts b∗ and centralizes B∗/〈b∗〉, we have y∗1 ∈ g(y1)Z∗.
Letting y invert B/〈b〉 and centralize b and arguing as in the previous case we see
also that h(y∗)= y where y∗ ∈ g(y)Z∗. We conclude that
α(y, y)= 1 = α(y1, y1).
The first of these equations implies as in the previous case that α|C ′ is trivial.
Replacing α by a cohomologous cocycle we may therefore assume that α is the
inflation of a cocycle αˆ ∈ Z2(C/C′,Z). But y1 ∈ C − C′ and as C/C′ ∼= Z2,
the second equation above implies that αˆ is trivial, whence α is as well. This
completes the proof. ✷
Similarly we prove
Lemma 4.5. Suppose that F ∼=Q48. Then C ∼= C∗.
Proof. Let b1 ∈ B with b¯1 a 3-cycle in C ∼= A9. By Lemma 4.3, CV (b1) = 1,
where V = F/Z. This uniquely determines the image of C in Aut(V )=O+8 (2)
up to conjugacy [ATLAS] (there are three conjugacy classes of A9’s in +8 (2),
two of them fused in O+8 (2)).
Again using the outline specified above, we take N = NG(〈b〉). As b is
real (in C, for example), Lemma 4.1(1) implies that CG(b) = 〈b〉 × L and
NG(〈b〉)/〈b〉 ∼= Aut(G2(3)) contains the image of L with index 2. Thus there
is an isomorphism h :N∗ → N , which further may be chosen so that h(b∗)= b,
h(z∗)= z, h(B∗)= B , and then (using Sylow’s Theorem) h(T ∗)= T . Now h ◦ g
is an isomorphism Tα → T .
But H 2(A9,Z2) is again the exponent 2 part of the Schur multiplier of A9, and
so if α is nontrivial, then α is a factor set for the covering group 2A9. In view
of the structure of 2A9 (see [GLS3, 5.2.4e]), for any involution y ∈ C we have
α(y, y)= 1 if and only if y is not a root involution. As T contains a unique root
involution, Tα and T contain different numbers of involutions, so they cannot be
isomorphic. This contradiction shows that α is trivial. ✷
The mopping up in the next two lemmas is routine but we include details for
the sake of completeness.
Lemma 4.6. Suppose that F ∼=Q38. Then G≈ Suz.
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Proof. By Lemma 4.4,C ∼= C∗, and so |C :C′| = 1 or 2 according as C ∼=−6 (2)
or O−6 (2). The lemma will follow from the following three assertions:
(1) If C ∼= O−6 (2), then some involution of C − C′ has no extremal conjugate
in C′.
(2) If C ∼=−6 (2), then two involutions in C are G-conjugate if and only if their
images under C ∼= C∗ are G∗-conjugate.
(3) There is an involution t ∈ C which is not 2-central in G such that CG(t) =
[V × Lt ]〈u〉, where V ∼= E4, Lt ∼= L3(4) and u is an involution such that
V 〈u〉 ∼=D8 and u induces a field automorphism on Lt .
Indeed, if (1) holds, then the Thompson Transfer Lemma [GLS2, 15.16] implies
that G is not simple if C ∼= O−6 (2), a contradiction. Hence C ∼= −6 (2), so G
and G∗ have the same involution fusion pattern by (2). Then the lemma follows
from (3) as Suz has two classes of involutions, one of which is not 2-central with
centralizer as in (3).
Now any involution t ∈C′ is of one of four types:
(A) t = z; (C) t ∈C′ − F and t¯ is 2-central in C; and
(B) t ∈ F −Z; (D) t ∈C′ − F and t¯ is not 2-central in C.
We assert that involutions of a given type are all conjugate in G. For (B) this
is clear, since C is transitive on singular points of F/Z. As C has one class of
2-central involutions, we must show for (C) that all involutions in the coset tF
are conjugate. By the structure of C′ ∼= −6 (2) and the Baer–Suzuki Theorem,
we may replace t by a conjugate and assume that t normalizes B and inverts
b0 = bb1, with [t,B] = 〈b¯0〉. Then all involutions in tF are fused into tCF (b0)
under [F,b0] and B is nontrivial on CF (b0) ∼= Q8. If t acts non-trivially on
CF (b0), then 〈t〉CF (b0) is quasi-dihedral or Q8 ◦ Z4, and the desired fusion is
clear. If t centralizes CF (b0), then we must only show that t and tz are conjugate.
Now t normalizes BCF (b0) and BCF (b0)〈t〉 ∼= Z3 × S3 × SL2(3). A conjugate
of t then centralizes a conjugate of b which acts non-trivially on CF (b0), so
again replacing t by a conjugate we may assume that t ∈ CG(b) ∩ CG(z). Thus
either t ∈ L or L〈t〉 = CG(b). In either case, by Lemma 2.8, all involutions in
the coset Lt are conjugate, and so t and tz are conjugate, as asserted. Similarly
by the structure of C′ ∼= −6 (2) and the Baer–Suzuki Theorem, we may replace
any involution t of type (D) by a conjugate inverting 〈b〉, normalizing each
of the subspaces 〈b1〉 and 〈b2〉, and centralizing exactly one of them. Then
t ∈ NG(〈b〉), inverting 〈b〉 =Z(L), centralizing z and acting on O3,2(CL(z)) =
L1 ◦ L2 ∼= SL2(3) ◦ SL2(3), normalizing both L1 and B with |CB(t)| = 3. By
Lemma 2.8, this uniquely determines the cosetLt and this coset has a unique class
of involutions; moreover CL(t)∼=M10. Thus t is determined up to G-conjugacy,
and our assertion is proved.
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Now CL(z) contains involutions of types (A), (B), and (C), one of type (C)
acting non-trivially on B . But all involutions of L are L-conjugate, so involutions
of types (A), (B), and (C) are all G-conjugate.
The groups Suz and Aut(Suz) satisfy the hypotheses of Theorems A and B,
so the above analysis applies to them as well. Since C ∼= C∗, we deduce from the
structure of these groups that for some involution t of type (D),CC ′(t) has a Sylow
2-subgroup P isomorphic to those in (3) above, and in particular of order 29. Let
P ∗ be a Sylow 2-subgroup of CC(t).
For a similar reason, if we assume that C ∼=O−6 (2), then there is an involution
y ∈ C−C′ such that CC ′(y)∼= 21+4S5, the centralizer of a 2-central involution in
Aut(J2) (which is in turn the centralizer of an non-inner automorphism of Suz).
Thus CG(y, z) = 〈y〉 × CC ′(y), so 〈z〉 is characteristic in a Sylow 2-subgroup
of CG(y, z). Hence z is 2-central in CG(y), so y and z are not G-conjugate
(otherwise y would be the only 2-central involution in CG(y)). Thus if (1) fails,
then y must have an extremal conjugate yg which is an involution of C′ of
type (D). Hence a Sylow 2-subgroup Q of CC(y) embeds in P ∗. But CC ′(y)
contains an A5 section with a 4-subgroup acting freely on the Frattini quotient of
O2(CC ′(y)). This easily yields that the fifth term of the lower central series of Q
is Q5 = Z. However, |P ∗/P ∗ ∩ Lt | 24 and so (P ∗)5  Lt . Hence there exists
h ∈G such that yh = t and Zh  Lt . As Lt has one class of involutions, we may
adjust h and assume that h ∈ C, which is absurd. This proves (1), and so we must
have C = C′.
Let t be of type (D). Then Ct := CG(t) contains a subgroup C0 ∼= M10, as
seen above. As a Sylow 3-normalizer in C0 is a Frobenius group of order 72,
C0 acts faithfully on no 2-group of order less than 28. In particular, C has no
subgroup isomorphic to C0 and so t ∈ zG. We saw that the involutions of C of
all other types are in zG, and so (2) follows. Furthermore, as above, we may
assume that P ∈ Syl2(Ct ) with P  C and |P | = 29. As C0 ∩ O2(Ct ) = 1, we
have |O2(Ct )| 25. As argued above, C0 cannot act faithfully on O2(Ct ) and so
[C′0,O2(Ct )] = 1. It follows that C′0 E(Ct ).
As is visible in G∗, P contains a subgroup PL isomorphic to a Sylow 2-
subgroup of L3(4) and with all involutions of PL conjugate to z. However,
F ∗(C) = O2(C), so F ∗(CCt (v)) is a 2-group for every involution v ∈ PL. In
particular, PL normalizes and acts faithfully on every component of E(Ct ).
As m2(PL) = 4, Ct has no A6 component, and so some component K of Ct
properly contains C′0 ∼= A6. We have K ∈ Chev(2) with O2′(K) = 1 since G
is of 2˜-type. Every PL-invariant subgroup of P disjoint from PL has order at
most 4, and so K = E(Ct) with |CCt (K)|  4 and hence |Aut(K)|2  27. Let
P0 = P ∩K . Then |P0/Z(K)| 28, while 1(P0) is non-abelian, since C′0 K .
These facts quickly restrict the possible isomorphism types for K/Z(K) to the
set {L3(4),L4(2),U4(2),Sp4(4)}. Noting that t ∈ [P,P ] − [P,P,P ], we then
see that Ct  E × K with t ∈ E ∼= E4 and K ∈ {L3(4),L4(2),U4(2)}. Finally,
we may compute in C∗ that CCt (z) = CC(t) = P , whence K ∼= L3(4) and, by
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a Frattini argument, Ct = KP with CCt (K) = E. As P/J (P ) acts freely on
every factor of the lower central series of J (P ) but leaves both E64-subgroups
invariant, it must act non-trivially on E and induce a field automorphism on K .
Thus (3) holds. ✷
Lemma 4.7. Suppose that F ∼=Q48. Then G≈ Th.
Proof. Since C ∼= C∗ and Th has a unique conjugacy class of involutions we
need only show that G too has a unique class of involutions. We first show that
all the involutions in F − Z are conjugate, as are all the involutions in C − F .
Let u ∈ CF (b) be an involution. Analyzing the action of B on F we see that the
only elements of B# fixing some involution of F − Z are the conjugates of b.
Since no E9-subgroup of C consists just of conjugates of b, and b is not a cube,
〈b〉 ∈ Syl3(CC(u)). It follows readily that u has at least 335 C-conjugates. But
this is exactly the number of images modulo Z of involutions in F − Z, so all
involutions of F − Z are C-conjugate. Next let u ∈ C − F be any involution.
As C ∼= A9 and b¯ is the product of two 3-cycles, u inverts a conjugate of b.
But NG(〈b〉)/〈b〉 ∼=Aut(G2(3)), and all non-inner involutions in Aut(G2(3)) are
conjugate. Hence all involutions in C − F are G-conjugate.
Finally CG(b) ∼= G2(3) × Z3 has a unique class of involutions, and the
involutions in CC(b), an extension of SL2(3) ◦ SL2(3) by an involution, include z,
some involutions in O2(CC(b))− 〈z〉 ⊆ F −Z, and some involutions in C − F .
The lemma follows. ✷
Lemmas 4.2, 4.3, 4.6, and 4.7 prove Theorem B.
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